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Introduction 

This is the second book containing examples from the Theory of Complex Functions. The first topic 
will be examples of the necessary general topological concepts. Then follow some examples of complex 
functions, complex limits and complex line integrals. Finally, we reach the subject itself, namely the 
analytic functions in general. The more specific properties of these analytic functions will be given in 
the books to follow. 

Even if I have tried to be careful about this text, it is impossible to avoid errors, in particular in the 
first edition. It is my hope that the reader will show some understanding of my situation. 


Leif Mejlbro 
30th May 2008 
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1 Some necessary theoretical results 

This chapter must not be considered as a replacement of the usual textbooks, concerning the theory 
necessary for the examples. We shall always assume that all the fundamental definitions of continuity 
etc. are well-known. Furthermore, we are also missing some theoretical results. The focus here is 
solely on the most important theorems for this book. We start by quoting the three main theorems 
for the continuous functions: 

Theorem 1.1 If f : Q —> C is continuous and the domain A C Cl is compact, (i.e. closed and 
bounded), then the range f(A ) is also compact. 

Theorem 1.2 If f : Q —> C is continuous and the domain A C Cl is connected, then the range f(A) 
is also connected. 

Theorem 1.3 Any continuous map f : Cl —> C is uniformly continuous on every compact subset 
A CCI. 

We see that the compact sets, i.e. the bounded and closed sets, are playing a central role in connection 
with continuous functions. This is why we have given them the name compact sets. 

The complex plane C is in a natural correspondence with the real plane M x M, by writing 

z = x + iy G C, corresponding to (x, y) G R x R. 



360 ° 

thinking. 
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Then a complex function f(z) can also be written 
/ 0) = u(x,y) +iv(x,y), 
where 

u(x,y) = Re f(z ) and v(x,y) = Im f(z) 

are the real part and the imaginary part respectively of the complex function f(z ) in the complex 
variable z = x + iy G C. 

In the same way we consider a plane curve C as both lying in C and in 1 x R. Since we formally have 
by a splitting into the real part and the imaginary part 

f[z ) dz = {u(x,y) + i v(x, y)}{dx + idy} = {udx — v dy} + i{udy + v dx}, 

we define the complex line integral along C by 

/ f(z)dz:= / {udx — v dy}i / {'ud?/ + v dx}, 

Jc Jc Jc 

and then the complex line integral is reduced to a complex sum of of two ordinary real line integrals. 


Definition 1.1 Assume that Q is an open non-empty subset of C, and let f : Q —* C be a complex 
function. If the limit 


lim 


z 


—>zo 


fjz) -f(zo) 

z - z 0 


exists for some given z o £ Q, then we say that f is differentiable at zo, and we use all the usual 
notations of the derivative from the real analysis like e.g. f (To)- 

If f : Q —> C is differentiable at every z £ Q, and the derivative f'(z) is continuous in I}, then we call 
f an analytical function. 


Then we have the following theorem: 

Theorem 1.4 Assume that f(z) = u(x,y) + iv(x,y) is defined in an open set Q, and assume further¬ 
more that both u(x,y) and v(x,y) are continuously differentiable with respect to both x and y. Then 
the complex function f(z) is an analytic function, if and only if the pair u(x,y) and v(x,y) fulfil the 
Cauchy-Riemann equations in It: 

du dv du dv 

dx dy aU du dx 


If we instead use polar coordinates, 


x = r • cos y = r • sin 

in our description of a complex function, i.e. 
f(z) = u(r , 9) + iv(r,6), 
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then the same theorem still holds if and only if the Cauchy-Riemann equations in polar coordinates 
are satisfied, 

du 1 dv 1 du dv 

dr r dO 1 r dO dr 


One of the main theorems of the Theory of Complex Functions is 


Theorem 1.5 Cauchy’s Integral Theorem. Assume that the function f(z ) is analytic in a 
simply connected domain (this means roughly speaking that the domain does not contain “holes”), 
then the value of the line integral 


f 


f(z) dz 


is independent of the choice of the continuous and piecewise differentiable curve C in Tt from the fixed 
point zq £ Q, to the fixed point z G Q. 

In in particular the curve is closed, then 


j) f(z) dz = 0. 


The next important result, which is given here, is also due to Cauchy: 


Theorem 1.6 Cauchy’s integral formula. Assume that f(z) is analytic in an open domain Q. 
Assume that C is composed of simple and closed piecewise differentiable curves in Q, run through in 
such a way that all points inside C (this means to the left of C seen in the direction of the movement) 
belong to Q. 

Let zq be any point inside C in the sense above. Then 


f (zo) = 


J_ [ M 

2ni Jc z - z 0 


dz. 


We also mention 

Theorem 1.7 The Mean Value Theorem. The value of an analytic function f(z) at a point z o 
is equal to the mean value of the function over any circle of centrum z o and radius r, assuming that 
the closed disc B [zo,r] of centrum zo and radius r is contained in Vt. We have for such r > 0, 

1 

f Oo ) = ^ J o f ( z ° + r eie ) de - 

Finally, we mention 


Theorem 1.8 Cauchy’s inequalities. Assume that f(z) is analytic in a domain which contains 
the closed disc 

B [Z(h r } = {z e C I \z - z 0 \ < r} , 

and let M r denote the maximum of \f(z)\ on the circle \z — zq\ = r. Then 


f {n) (z 0 ) 


n\ 

< M r • — for every n G No- 
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2 Topological concepts 

Example 2.1 Let Q = {1, 2, 3, 4}. Find the smallest system of open sets in Q, such that 
{1}, {2, 4}, {1, 2, 3} 

are all open sets. 

We shall find the open system, which is generated by 

{1}, {2,4}, {1,2,3}. 

First of all, both 0 and Ll must belong to the system. 

Then all intersections must also be contained in the system, thus 

{l}n{2,4} = 0, {1} n {1,2,3} = {1}, { 2 , 4} n { 1 , 2 , 3} = { 2 }. 

By this process we conclude that {2} must also be open. 

Finally, all unions of sets from the system must again be open. This gives 

{1} U {2} = {1, 2}, {1} U {1, 2, 3} = {1, 2, 3}, 

{1} U {2, 4} = {1, 2, 4}, {2} U {2, 4} = {2, 4}, 

{2} U {1, 2, 3} = {1, 2, 3}, {2, 4} U {1, 2, 3} = {1, 2, 3, 4} = fi. 

We have now exhausted all possibilities, so the system of open sets must consist of the sets 

0, {1}, {2}, {1, 2}, 

{2,4}, {1,2,3}, {1, 2,4}, = {1, 2, 3, 4}. 


Example 2.2 Let / :MkR be defined by 

m = 2TR- 

Prove that f is a contraction, and find the corresponding fixpoint. 

We shall prove that there exists a constant C < 1, such that 
I f(x) - f(y )| <c\x- y\. 

By a small computation and an estimate, 

\m-m i = 


1 1 


2+\y\-2-\x\ 


\y\-\x\ 

2 + M 2 + \y\ 


(2 + M)(2 + \y\) 


(2 + M)(2 + \y\) 


< ^ \ x ~y I) 


proving that the map is a contraction. 


Now, f(x) > 0 for every x G M, so a fixpoint must necessarily be positive, thus \x\ = x. Then we shall 
solve the equation 


2 + x 


x > 0. 
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This is equivalent to 

x 2 + 2x = 1, x > 0, 
hence 

(x + l) 2 = x 2 + 2x + 1 = 2, x > 0, 
and thus 

x = ±2 — 1, x > 0. 

It follows that the fixpoint is 

x = V2-l. 


SIMPLY CLEVER SKODA 
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Example 2.3 Let / :RxMhR be given by 

v 2 

f(x,y ) = (x 2 + 1) sinh y + x + y. 

Prove that the equation f(x,y) = 0 globally determines y as a function of x. 

Hint: Prove for every fixed x that f(x,y) is a continuous and strictly increasing function of y, which 
takes on the value 0. 

Then find by implicit differentiation the approximating polynomial of at most second degree for y as 
a function of x from the point (xo,yo) = (0,0). 


We see that / G C°° (M x M) and 

fy(x,y ) = (x 2 + 1) cosh y + y > cosh y + y > 0, 

so /(x, y) is for every fixed x strictly increasing in. Furthermore, we clearly have 

f(x, y) —> —oc for y —> —oo og f(x, y) —► +oo for y —> +oc 

for every fixed x. By the continuity there exists for every x G M precisely one y G M, such that 

f(x,y) = 0. This is another way of saying that y is determined as a function of x. 

Now let y = y(x) be given by the construction above. Then 7/(0) = 0, because (0,0) clearly satisfies 

the equation, and because the solution is unique. Then we get by implicit differentiation, 

{(x 2 + l) cosh y + y} ^ + 2x sinh y P 1 = 0. 

If we here put (x,y) = (0, 0) and solve with respect to the derivative, we get 


dy_ = _1 = _ x 

dx 0 1 

In general we get by another implicit differentiation, 

df u f du \ 2 du 

{( x 2 + l) cosh//} + {(x 2 + l) sinh y + cosh y — —h 2 sinh y = 0. 


If we here put 



(0,0, —1), then we get by solving with respect to the second derivative, 


<Py 

dx 2 


+ 1 • 1 + 0 + 0 = 0 , 

x=G 


hence 


fy 

dx 2 


= - 1 . 

x=0 


The approximating polynomial of at most second degree form the point of expansion x = 0 is given 
by 


P(x) 
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3 Complex Functions 

Example 3.1 Let w = u + iv. Find in the following examples u(x,y) and v(x,y) as real functions in 
two real variables: 

1 z 

(a) w = z 3 , ( b ) w = z 4—, (c) w = ^ , (d) w = ze z . 


(a) If z E C, then 

w = u + iv = z 3 = (x + iy ) 3 = x 3 + 3ix 2 ?/ — 3 xt/ 2 — i?/ 3 , 
hence by a separation into real and imaginary parts 
u(x, y) = x 3 — 3 xy 2 and v(x, y) = 3 xy 2 — y 3 , 

(b) If z G C \ {0}, then 

1 z x — iy 

W = u + i V = x+-=z-\ - = = x + iy H— - - 

z z • z x z -\-y 

hence by separating into real and imaginary parts, 


u(x, y) = x + 


x 2 + y 2 ’ 


v(x,y) = y- 


x 2 + y 2 


The function 

1 ( 1 
2 


is also called Joukowski ; s function. 
(c) If z E C \ { — 1}, then 


w = u + iv = 


1 + z-l 


= 1 - 


1 


= 1 


x + 1 — iy 


1 + z 1 + z 1-j-x-h iy (x + l) 2 -h y 2 ’ 

hence by separating into real and imaginary parts, 

x + 1 , y 


i(x,y) = 1 - 


(x + l) 2 + y 2 


v(x,y) = 


(x + l) 2 + y 2 ' 


The function w = 
mation. 

(d) If z E C, then 


z-h 


— is an example of an homography , also called a fractional linear transfor- 


w = u + iv = z e z = (x + iy)e x (cosy + i sin y) 

= xe x cos y — ye x sin y + i {x e x sin y + y e x cos y} , 

hence by separation into real and imaginary parts, 

u(x, y) = x e x cos y — y e x sin y, v(x, y) = x e x sin y + y e x cos y. 
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Example 3.2 Find f(z + 1 ), f 


, and f(f(z)) for 


(a) f(z) = z + 1 , ( 6 ) f(z) = z 2 , (c) f(z) = i, (d) = 


(a) If f(z ) = 2 + 1, then 

f(z + 1) = 2 + 2, 

/ ( * ) = * I 1 ' '. for z ^ 0 , 

\z) z z 

~ f(z + l) = z + 2. 

(b) If f(z) = z 2 , then 

f(z + 1 ) = (z + l) 2 = z 2 + 2z + l, 


f 




for 2 7 ^ 0 , 


/(/(*)) = f (z 2 ) = z 4 . 

(c) If f(z) = then 

+= forz^-1, 


/ - = z, for z ^ 0, 


= /(-)= z, for 2 : ^ 0 . 


(d) If f(z) = then 

| l + (2 + l) 2 + 2 2 + 2 

/0 + 1 ) = -- , = - =-, for 2 ^ 0 , 

1 — (Z + 1) —2 2 

/ for 2 ^ 0 og 2 ± 1 , 


/(/W) = /(^-^ 1+1 ^ 1 ^ + 1 + ^ 


1 - 


1 + * 1 - 2 - 1 - 2 -22 

1—2 


1 

_ 5 
2 
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Example 3.3 Prove that the function w = z 2 maps the lines y = c, c E M+, into parabolas in the 
w-plane. 

What is the image of the line y = 0 ? 



If we put z = £ + ic, £ E M, then 

w = z 2 = (£ + ic ) 2 = £ 2 — c 2 + 2 £c£ = u + iv, 
hence by separation into real and imaginary part, 
u = £ 2 og v = 2 ct. 

If y = 0, thus c = 0, we get u = t 2 and v = 0, so the image of y = 0 is M + U {0} “run through twice”. 
If c > 0, it follows by eliminating £ that we have the following equation of a parabola, 
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Example 3.4 Find the image of 
n = {ze C| \Re(z)\ <1} 
by the following maps 


(a) 

w = 2z + i, 

(b) 

(' d ) 

II 

to 

o 

to 

(e) w 


z+1 

z-1' 


(c) w= 

z 


Figure 1: The domain Q is the open parallel strip between the lines x = — 1 and x = 1. 


(a) Since the map w = 2z + i is continuous, and Q is connected, the range is by one of the main 
theorems also connected. 



3 

2 




2 -1 

-2 

-3- 

i ; 



Figure 2: (a) The image of Q is the open domain between the two vertical lines. 


The map can be extended continuously to the boundary, and the map is an open map. It therefore 
suffices to find the images of the boundary curves z = ±l + iy. 

Since w = ±2 + i(2y + 1), we conclude that the range is 

{w e C | |Re(w)| < 2}. 
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Figure 3: (b) The image of Q is the open domain between the two oblique lines. 


(b) The map w = (1 + z)z + 1 is continuous and open. Therefore, it suffices as in (a) to find the 
images of the boundary curves. 

If we put £ = — 1 + iy, y E M, then 


w = (1 + i )(-1 + iy) + 1 = -1 - i + 2/(—1 + i) + 1 = -i + ?/(i - 1). 


This is a parametric description of a line through the points —i and —1 (put y = 0 and y = 1). 

If we instead put z = 1 + iy, then 

w = (1 + i)(l + %) + 1 = 2 + i + (-1 + i)y, 

which is the parametric description of a line. By putting y = 0, or y = 1, we get the points 2 + i 
and 1 + 2z, and it is easy to sketch the domain. 


(c) Consider the map 


1 x — iy 
w = - = 


z x 2 + y 2 


for z ^ 0. 


The line 2 = — 1 + iy is mapped into the curve of the parametric description 
1 V 


1 + y 2 ’ 


l + y 2 ’ 


y e 


hence y = —, since u 7^ 0. Then 
u 


1 


* + (:)■ 


= 0, 


or by some reformulation, 

7I. 2 

0 = u - 


-U 2 + n 2 r^ 2 + n 2 


(?i 2 + v 2 + n) = 


u 2 + v 2 


U+ 2 +V -{2 


U 7^ 0, 
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which we also write as 



The image curve is therefore a circle (with the exception of one point) of centrum — - and radius 

and where u ^ 0. 

2 ’ ^ 



Figure 4: (c) The domain Q is mapped into the open domain outside the two discs. 


Analogously, the line z = iy is mapped into the curve of the parametric description 

1 v y e R, 


^ 1 i 2 ‘ 

l + y 2 

i + v 

hence y = — —, 
u 

u 7^ 0, and thus 

1 

U „.2 

= 0, u 7^ 0, 


1 H —2 

U z 


which we write as 
2 


U 2 


2 


u 7^ 0. 


Hence the image curve is a part of a circle of centrum - and radius -, and where u ^ 0. 

The map is open, so we get by a continuity argument (use e.g. that z = i is mapped into w = — i) 
it follows that the range is the open domain outside the two discs. 

Notice that the point z = 0 must be removed from the domain |Re(z)| < 1, because the map is 
not defined at that point. 

(d) The map w = 2 z 2 is continuous. If we put z = —1 + iy, then 
w = 2(— 1 + iy) 2 = 2 (1 - y 2 ) - 4iy, 


hence by separation into real and imaginary part, 
u = 2 (l — y 2 ) and v = —4 y. 
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Figure 5: (d) The domain Q is mapped onto the open interior of the parabola. 


When y is eliminated, i.e. when we put y = — - , then 


U ~ 2 8 ’ 

which is the equation of a parabola in the (u, u)-plane. 
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We conclude by the symmetry about (0, 0) that the image of the strips 
— 1 < Re(z) < 0 and 0 < Re(z) < 1 
are identical. 

Finally, if we put z = iy (in fi), then w = —2y 2 , i/GM, which is a parametric description of the 
negative real axis, run through twice. 

By a continuity argument (e.g. by putting z = which is mapped into w = |), we conclude that 
the image is the interior of the parabola. 


1.5 

0.5- 


-1 -6.5 

> 0:5 | 1.5 

-0.5 

-^ ! 

-1.5 



Figure 6: (e) The domain Q is mapped into that part of the open left hand half plane determined by 
the line x = 1, also lying outside the disc. 


(e) Finally, we consider the transformation 

£ + 1 _l 

w = -7, 2^1. 

Z — 1 

If we put z = — 1 + iy, then 

W = u + iv = * V , = iy (-2 - iy) = T - (y 2 - 2iy). 

—2 + 2y 4 + y 2 4 + y 2 v 7 

We get by a separation into real and imaginary parts, 

' 2 2 y 


it = 


2 / 


4 + y 2 ° S ^ 4 + y 2 ’ 

If y = 0, we get u = v = 0, corresponding to the point w = 0. 

u y u 

If y 0, then v ^ 0, and — = —, thus y = —2 —. Then by insertion, 

v 2 v 


y G R. 


0 = + 


= — 


2 y 


—4 — 


4 + y‘ 


uv 


= v + 


-^ = V- 


u 

V 


A A rr 
4 + 4 — 
v z 

V 


, u 

1 4-2 

v z 


U 2 + V 2 U 2 + V 2 


(u 2 +v 2 — u) 7 v ^ 0, 
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and we conclude that 



v^O, 


which describes a part of a circle of radius - and centrum 
Notice that (0,0) lies on the closure of this circle. 



and v 7 ^ 0 . 


Finally, put z = 1 + iy. If y ^ 0, then 

2 + iy .2 

w = - = 1 — i -, 

w y 

which apart from the point (u,v) = ( 1 , 0 ) corresponds to the line u = 1 . 


Summing up, the range is that domain which “lies between” the circle and the vertical straight 
line u = 1 , thus the range is a part of the open left half plane given by u = 1 , and which also lies 

outside the closed disc of centrum - and radius 

2 2 
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Example 3.5 Find the image of 
Cl = {z eC\l < Im(z) < 2} 
by the following maps: 


(a) w = 2z + i, 
(d) w = 2z 2 , 


(b) 

(e) w 


w = (1 + i)z + 1, 

= z + l 
~ z- 1' 


(c) 


w — 


1 

z 



Figure 7: The domain Cl is the open parallel strip between the two horizontal lines. 



Figure 8: (a) The image of Cl is the open parallel strip between the two horizontal lines. 

(a) If lm(z) e] 1,2[, then 

lm(w) = 2Im(z) + 1 E ]3, 5[, 

hence the strip 1 < Im (z) < 2 is mapped onto the strip 3 < lm(w) < 5. 
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-2 


-2 


Figure 9: (b) The domain Q is mapped into the open oblique parallel strip. 


(b) The strip 1 < lm(z) < 2 has the boundary curves y — 1 and y = 2. If we put 2 = x T i, then 
w = (1 T i){x T i) T 1 = (1 T i)x i — lTl = ^T(lT i)x, x G M. 

If we put z = x T 2i, then 

w = (1 T i^(x T 2i) T 1 = (1 T i)x T2i — 2 T 1 = (IT i'jx — IT 2 i, x G M. 

The range is the domain between these two parallel lines. 


0.2 


-0.5 


0.5 


-0.2 


-0.' 


-0.6 


-0.8 


-1.2 


Figure 10: (c) The domain Q is mapped into the open half moon between the two circles. 


(c) Consider the map 



1 



The curve x = x T i is mapped into 


x — 1 
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hence by separation into real and imaginary part, 


u = 


x 2 + 1 


and v = — - 


1 


x 2 -hi 7 


v < 0 . 


This gives fas x =-, hence 


v + 


= v + 


= 0, 


v < 0. 


x 2 + 1 u 2 + v 2 

This equation is then in the usual way written in the form 


1 


27 V 2 


v < 0, 


i 1 

which is the equation of (a part of) a circle of centrum — - and radius -, and where v < 0. 

The curve 2 = x + 2i is mapped into 
x — 2 i 

w = u + iv = 


x 2 + 4’ 

hence by separation into real and imaginary part, 


u = 


x 2 + 4 ’ 


v = 


x 2 + 4 


When we eliminate x = — 2—, < 0, we get 

v 


0 = v + 


= v + 


2v 2 


4 + { 2 --J 


Av 2 -h 4:U 2 4 {v 2 -h u 2 ) 


(Av 2 + 4?i 2 + 2i?) , v < 0. 


Hence 


2 2 1 1 2 ( 1 

z lb V 4 


v < 0, 


which is the equation of (a part of) a circle with w = — - as its centrum and radius -, and where 
v < 0. 

It follows by a trivial estimate that the range is bounded, hence the range must by the open half 
moon shaped domain between the two circles. 

(d) We consider the map w = 2 z 2 . The strip 1 < lm(z) < 2 has the boundary curves y = 1 and 
y = 2. If we put z = x + i, x G M, then 


w 


= 2{x + i) 2 = 2 (x 2 — l) + 4ix = u + z 


iv. 


hence by separation into real and imaginary part, 
u = 2x 2 — 2 and v - Ax. 
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Figure 11: (d) The image of Q is the open domain between the two arcs of parabolas. 


When we eliminate the parameter x, we get the equation of the parabola 



If instead we put x = x + 2i, then 

w = 2{x + 2 i) 2 = 2 (x 2 — 4) + Six = u + iv, 
hence by separation into real and imaginary part, 
u = 2x 2 — 8 og v = Sx. 
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When we eliminate the parameter x, we get the equation of the parabola 

V 2 o 
u = — — 8. 

32 

A continuity argument then shows that the image is the open domain between the two parabolas, 
(e) Finally, consider the transformation 

z + 1 


Z-V 


z^l. 


The boundary curve z = x + i is mapped into 

x + 1 + i (x + 1 + i){x — 1 — i) x 2 — 2i 


w 


x — 1 + i (x — l) 2 T 1 (x — l) 2 + 1 

By separation of the real and the imaginary part we get 

2 


= u + iv. 


u = 


(x — l) 2 + 1 


> 0 and v = — 


(x — l) 2 + 1 


< 0 , 


and 


— =-, thus x = — 2—. 


On the other hand, if follows from the expression of v that 




If we here put x = ±W — 2 —, then 


—2 — =F 2 a /—2 —h 1 =-1, 


which is reduced to 


. u 2 u 1 — u-\- v 

± 2 A /—2 — =- 2 — h 2 = 2 -, 

V V V V 


thus to 


±J _ 2 n = l+v-u 

V V 

Then by a squaring, 

—2 — = — (l + v 2 + u 2 + 2v — 2u — 2 uv) , 
vv z 

thus 

—2 uv = u 2 + v 2 — 2u + 2v + 1 — 2 uv, 
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Figure 12: (e) The image of is the open half moon shaped domain between the two circles. 


which we write as 


(u - l) 2 + (v + l) 2 = 1, v < 0, 


describing (a part of) a circle of radius 1 and centrum (1,-1), and v < 0. 
The curve z = x + 2i is mapped into 


x + 1 + 2i (x + 1 + 2i)(x — 1 — 2i) x 2 + 3 — 4i 
= x - 1 + 2 i = (x — l)^ T 4 = (>-l) 2 +4 = 


v < 0, 


hence by separation into real and imaginary part, 

4 


x 


u = 


> 0 , 


v = — 


0 — l) 2 + 4 


(x — 1)2+4 

Then 

U I/O \ . 9 Ti 

- = — - (x 2 + 3) , i.e. x 2 = —4-3, 

v 4 v 


< 0 . 


hence 


£ = ± + -4- -3, 


and 0 — l) 2 =-4, so 

v 


-i-4 = (x-lf= (±J-4^-3-l) = —4 ^ — 3 =F 2 


-4 - -3+1, 

V 


which is reduced to 


, ^ , u n 4 A A u ^ / 2 + u — 2 u 
±2 A /-4 - - 3 = - + 4 — 4 - - 2 = 2 - 

V V V \ V 
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First we remove the common factor 2. Then we square once more, 

u (2 + v — 2 u\ 2 l.o o o . 

—4-3 = ( - ) = {4 u 2 — 4 uv — Su + v 2 + Av + 4) , 

v \ v J v z 

hence 

—4m; — 3^ 2 = Au 2 — Auv + v 2 — 8u + Av + 4, 
which again is rewritten as 


0 = Au 2 + Av 2 — 8u + Av + A = A<u 2 — 2u + l + v 2 +v+~ — - 

A A 


= 4<(«-l ) a +(«+^) 2 -Q N ' 


v < 0, 
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and we end up with the equation of (a part of) a circle, 
2 /-, \ 2 


(u-l)' 2 + [v+^ 


v < 0, 


of centrum ( 1, — ^ j and radius and where v < 0. 


Since the range is bounded, it must he between the two circles. 


Remark 3.1 We ought to have checked all our results. However, we shall later in another book in 
this Complex series obtain the same results in a much easier way by using the theory of conformal 
mapping, so we shall not bother with these tests. 0 


Example 3.6 Find the image of the unit disc 


n = {zec\\z\<i} 

by the following maps: 

= (1 + i)z + 1 , (c) w = -, 

z 

z + 1 

z-l' 


(a) w = 2z + i, ( b ) w 
(d) w = 2 z 2 , (e) w = 



Figure 13: (a) The image of the open disc of centrum i and radius 2. 

(a) When we solve the equation with respect to z we get 
\z\ = - \w — i\ < 1 , hence \w — i\ < 2. 

The image is the open disc of centrum i ~ (0,1) and radius 2. 
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Figure 14: (b) The image of the open disc of centrum 1 and radius y/2. 


(b) By solving the equation with respect to z we get 
w — 1 


thus 




hence \w — 1| < y/2. 



One generation’s transformation is the next’s status quo. 
In the near future, people may soon think it’s strange that 
devices ever had to be “plugged in.’’ To obtain that status, there 

needs to be “The Shift ’. 


What if 
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future and 
create the 
future? 
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The range is the open disc of centrum w = 1 and radius \/2. 



Figure 15: (c) The image is the open complementary set of a disc w\ > 1. 


(c) Here, \z\ = j—- < 1, so \w\ > 1 and z ^ 0. The image is the open complementary set of the disc 
of centrum 0 and radius 1. 



Figure 16: (d) The image is the open disc of centrum 0 and radius 2. 


(d) It follows that \w\ = \2z 2 \ < 2, hence the range is the open disc of centrum w = 0 and radius 2. 

(e) We shall find the image of the boundary curve of the parametric description 

z = e l °, 0 G ]0, 27r[. 

We get by insertion, 


w 


e l ° + 1 e l 2 + e 


e ie _ i 


O - o * o 


e" 2 — e 


2 cos ! 
2 i sin 


0 

T = ~ l cos g* 


We conclude that the image of the boundary curve is the imaginary axis. Since z = 0 is mapped 
into w = — 1, we conclude by the continuity that the range is the left hand half plane. 
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Figure 17: (e) The image of Cl is the open left hand half plane. 

Example 3.7 Find the equations of the curves in the (x,y)-plane, which by 
z = w + e w 

are mapped into u = constant and v = constant, respectively. 

What is corresponding to the straight lines v = 0 and v = n ? 

If we put z = x + iy and w = u + iv, then 

z = x-\-iy = w-\-e w = u + iv + e a+lv = u + iv + e u cos v + i e u sin v. 

By separation into real and imaginary part we get 
x = u + e u cos u, y = v + e u sin v. 



Figure 18: The images of the curves u = k for k = — 1, 0 and 1. 

fc, and v G M is considered as a parameter, we get the parametric description 
= k + e k cos u, y = v + e k sin v, v G M, 


If u = 

X = 
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Figure 19: The images of the curves v = k for k = 0, 


7 r 7r 

4 ’ 2 5 


37T 

T 


and 7r. 


which cannot be further reduced. 

If v = fc, and u G M is considered as a parameter, then 

x = u + e u cos fc, y = fc + e u sin fc, u G M. 

If sin k 7 ^ 0, i.e. v = k ^ pir, p £ Z, then 

„ y — k , , / y — k\ „ , y — k 

e = -—, dvs. u = In ( -— ) , forudsat, at -—— > 0 . 

sin k \ sin k ) sin k 

Hence we obtain the explicit expression of the curve, 


In 


y ~ k 


p / y _ p ^ 

+ ^— 7 - • cos fc = In ( ——— ) + (y — fc) cot k 


for ^ > 0^ 
sin« 



Figure 20: The images of the curves v = k for k = — 27t, — 7 t, 0, 7 r and 27 t. 


If v = 2 p 7 r, p G Z, then 
x = u + e u and y = 2 p 7 r, u G M. 
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Now, x = e u + u runs through all of M, when u runs through M, so the curve is the horizontal line 
y = 2pir. This is in particular true p = 0, so in this case the curve is the whole of the x-axis. 

If v = (2 p + l)7r, p £ Z, then 

x = u — e u and y = {2p + l)7r, mgM. 

Since 

dx 1 u 
— = 1 — p 

du 

we conclude that the function x(/u) has a maximum for u = 0, corresponding to x = — 1 , and since 
x{u) —> —oo for u —> +oc and for u —> — oc, we conclude that the half lines 

sc < —1, 2/ = (2p + l)7r, p G Z, 

are run through twice. This is in particular true for p = 0. 
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Example 3.8 Sketch the curves 

u(x,y) = constant and v(x,y) = constant 
in the z-plane for the following functions: 

(a) f(z) — —, ( b ) f(z) = z, (c) f(z) = (l-2i)z. 

z 



Figure 21: (a) The level curves of the dipole. 


(a) We must clearly assume that z ^ 0. Once this is done we get 


1 1 z x-iy 

f( z ) = - = -• = = 


z z z x 2 +y 2 
Then we separate the real and the imaginary parts, 

V 


u(x, y) = 


and 




x 2 + y 2 ’ x 2 + y 2 

The curves u(x,y) = 0 are the two half lines given by 

x = o, y ± o, 

thus the positive and the negative imaginary axis. 


If c ^ 0, then u(x,y) = — is equivalent to 2 cx = x 2 + y 2 , thus 
(x-c) 2 +y 2 = c 2 , (x,y) ^(0,0), 

and the level curve is a circle of centrum (c, 0) and radius |c|, with the exception of the singular 
point (0,0). 


Analogously, v(x,y) = 0 is described by the two half lines given by 
x^0, y = 0, 
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thus the positive and the negative part of the real axis. 

If c 7 ^ 0, then v(x,y) = — is equivalent to (notice the change of sign) 
zc 

X 2 + (y + c ) 2 = c 2 , (x, y) ^ (0,0), 

which describes a circle of centrum ( 0 , —c) and radius \c\ with the exception of the singular point 

( 0 , 0 ). 

Remark 3.2 These level curves are the model of the field around a dipole. 0 



Figure 22 : The level curves of (b). 


(b) Here, u(x,y) = x and v(x,y) = y , thus the level curves are the usual axis parallel lines. 



(c) If 

f(z ) = (1 — 2 i)z = (1 — 2 i){x + iy) = x + 2y + i(—2x + y) 


35 

Download free eBooks at bookboon.com 






















Complex Funktions Examples c-2 


Complex Functions 


then it follows by a separation into real and imaginary parts, 
u(x,y)=x + 2y and v(x, y) = — 2x + y. 

The level curves are the straight lines 

u(x, y) = x + 2y = c, v(x, y) = —2x + c, c E M. 

Remark 3.3 We see in all three cases that apart from the singular point 2 = 0 in (a), every curve 
from one system of curves is always perpendicular on any curve from the other system of curves. 0- 

Example 3.9 Sketch the curves u(x,y) = constant and v(x,y) = constant in the z-plane for the 
following functions, 


(a) f(z ) = 2 2 , (6) f(z) = z + z 2 , (c) f(z ) = 

z — % 



Figure 24: The level curves of (a). 


(a) We get by a separation into real and imaginary part, 

u(x, y) = x 2 - y 2 og v(x, y) = 2 xy. 

The level curves u = k form a family of hyperbolas and the straight lines y = x and y = —x. 

The level curves v = k are also a family of hyperbolas with the axes added. 

We see that apart from in the singular point (0, 0), every curve from one system of curves is always 
orthogonal to any curve from the other system of curves. 

(b) We first compute 

u + iv = z + z 2 = x 2 — y 2 + x + i(2xy + y). 

We get by a separation into real and imaginary part, 
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Figure 25: The level curves of (b). 


and 


v = 2 xy + y = 2y I x 


thus the curves are the same as in (a), only the centrum has been translated to 
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(c) If z 7^ i, then 

f( \ — z + i = i , = , 2i(x + i{\ - y}) = 2(y - 1) + 2ix 

2 — i z — i x 2 + (y — l ) 2 x 2 + (y — l ) 2 

Then by separation into the real and the imaginary parts, 

/ \ 2 (y — 1) 1 x 2x 

"(»'!') = 1 + a]2 + fa _ 1) 2 “ d + 

It follows that the curve u(x,y) = 1 is the line y = 1, with the exception of the point (0,1), in 
which the denominator is always 0. 



Figure 26: The level curves of (c), i.e. a field around a dipole at the point (0,1). 


We get for the level curve u(x,y) = 1 + fc, k ^ 0, that 

2 ( 2 / - 1 ) 


k = 


x 2 + (y - l) 2 ’ 


thus 


(x,y) ± (0,1), 


1 1 


x +{y- 1) - T (y-1) + — = (x,y)^(0 ,1), 


k 

which we also write 


x 2 +[y-l-k\ = p, (z, y) ± (0,1). 


/ k + 1 \ 1 

This is the equation of a circle of centrum ( 0, —-— ) and radius ——, with the exception of the 

V k J |fc| 

singular point (0,1). 


The case v(x,y) = k is treated analogously. 

If v = 0, then x = 0 (i.e. the ?/-axis), with the exception of the singular point (0,1). 
If v = k 7^ 0, then we get instead, 

X 2 + (y- l) 2 = 2 • lx, (x,y) ^(0,1), 
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which is written as the equation of (a part of) a circle, 

+(y- 1) 2 = ^> 0,y) ^ ( 0 , 1 ), 

of centrum ( —, 1 | and radius t— r. 

\k J \k\ 

Remark 3.4 The example corresponds to a dipole at z = i. 0 
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4 Limits 

Example 4.1 Check if the following limits exist: 

(a) lim-, ( 6 ) lim ~ 2z * + 1 . 

z^O z z->-l Z + l 


(a) Put z — x + iy ^ 0. Then 


z x — iy 
z x + iy 

If in particular we choose z real, z = x, we get 

- = 1 , hence lim — = 1 . 

z x—>0 x 

If we instead choose 2 imaginary, z = iy, then 

- = — = -1, hvoraf lim — = -1. 

z iy o iy 

Since we do not get the same limit value by the two different limits towards the same point, the 
limit value does not exist for z —> 0 , by the definition. 

(b) Since 

z 4 - 2z 2 + 1 = (z 2 - l) 2 = (z + 1 ) 2 (z - l) 2 , 
it follows for z 7 ^ — 1 that 

* ~z + l + 1 = ( z + 1 )(- z - l) 2 -> 0 • (-1) 2 = 0 for z —> —1. 


Hence the limit value exists ant 


lim 

1 


2 4 - 2z 2 + 1 


z + 1 


= 0 . 


Example 4.2 Check if any of the following functions (defined for z ^ 0), can be extended continuously 
to z = 0 : 


(a) 


Re(z) 

z 



(c) 


Re (z 2 ) 


(d) 


z Re{z) 


(a) Since e.g. 

Re(^) x 
z x + iy 

we cannot extend this 


{ 1 for y = 0 and x ^ 0 , 

0 for x = 0 and y ^ 0 , 

function continuously to z = 0 . 
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(b) Since e.g. 

1 for y = 0 and x > 0, 

— 1 for y = 0 and x < 0, 

we cannot extend this function continuously to z = 0. 

(c) Since e.g. 

1 for y = 0 and 

— 1 for x = 0 and y ^ 0, 


Re (z 2 ) 


x 2 - y 2 
x 2 + 7/ 2 


we cannot extend this function continuously to z = 0. 
(d) Since 


R e(z) 




< 1 for every z ^ 0, 


we get 

2 : Re(z) 


-0 


z Re(z) 


< \z\ • 1 —» 0 for z —* 0, 


and we conclude that this function can be extended continuously to z = 0 with the value /(0) = 0. 


Example 4.3 Check if the following limit values exist. In the case of existence, find the limit value: 

(a) lim , (6) lim i n , (c) lim n (—— 

n—*-+oo n n n^+00 n^+00 V n 


(a) We shall prove that the limit value is 0, thus 
\a n — 0| < e for every n > N(e). 

This follows easily from the following trivial estimate 
n\ i n 


\^n 0 | \Q"n\ 


n n 


n\ 1 2 3 n — 1 n ^ 1 

n n n n n n n ~ n 


for n —► +oc. This proves that the limit value exists and that 


_ n\i n 
lim - = 0. 

n—>■+00 Ti n 


(b) Since the sequence repeats cyclical the values i, —1, —i and 2, the limit value does not exist. 
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(c) We shall prove that the limit value also in this case is 0, thus we shall prove that 
| a n — 0| = \a n \ —> 0 for n —> Too. 

This follows from 


\Q j n — 


1 T i 


n 


= n i^r = v~2M 

n n \ n 


n— 1 


If n > 2, er y/2 < n, then 

'vW y/2 


y/T 

n 


< 


Hence, for n > 2, 


n— 1 


I a n — 01 = y/2 • ( | < a/2 • —- = — —> 0 for n —■> Too. 

\n n n 


We conclude that the limit value exists and that 
lim n ( —— I = 0. 


n^+oo \ n 


Example 4.4 Check if lim n ^ +00 z n exists for any of the following sequences (z n ), and in case of 
existence, find the limit value. 


(a) 


in (mn\ 

2 , o (b) Zn = exp —— , (c) 

n z -\- 1 \ 4 J 


1 + i 


(d) z n = exp (i {n 2 T n} 7r) . 


We first note that z n is defined for every n G N in all four cases. 


m 


(a) The sequence z n = —- converges towards the limit value 0. In fact, 

n z + i 


0 < \z n - 0| = \z n \ = 


n n n 1 

. < |_ = — =-> 0 for n —> Too. 

Vrd + l Vr? n 2 n 


(b) Since this sequence repeats cyclically the numbers 


1 T i 


-1 T i 


y/2 ’ ’ V2 

it is divergent. 

(c) The sequence z n = 


, - 1 , 


— 1 — i 1 — i 

—i 




5 "5 




, 1 , 


1 + i 


converges towards the limit value 0. In fact, 


0 < \z n - 0| = \z n \ = I ^ J —> 0 for n —> Too. 
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(d) Since n 2 + n = n(n + 1) in an even number for every n E N, we see that 
z n = exp (i [n 2 + n} 7r) = exp(2ip7r) = 1 for every n E N, 
where 2 p = n(n + 1). 

The constant sequence is of course convergent with the limit value 1. 


Example 4.5 Check if lim n ^ +00 z n exists for any of the following sequences (z n ), and find the limit 
value if it exists: 


(a) 



(b) 



( c ) 



(a) It is well-known that 


1 + - 1 >1 

n J 


" )-= 2 , 


so 


-=) -{H 


n 


> 2 r> 
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and we conclude that the sequence is divergent, 

—► +oo for n —> +oo. 

n j 

(b) Since 

. n 2 
1. 

> 1 for every n, 

any possible limit value cannot be 0 . Since 


i + i 

n 


1 H— 
n 


Arg ( 1 + — ] = Arctan —, 
n) n 


we get 


arg ^1 + —^ = |n 2 Arctan — + 2pir \ p G Z j . 


Here, 


1 

n 


Jl 

1 

1 ^ I 


l n 

~ 3 ' 

— 3 + 0 

n 6 ' 

v« : V J 


1 

3 n 


n 


and it is almost obvious that the sequence with the elements n 2 Arctan — (mod 2i r) does not have 

n 


a limit value. Thus, Arg 1 H— does not converge, and since the limit value cannot be zero 

V n J 

for (z n ), we conclude that (z n ) is not convergent. (The angle is “turning” all the time), 
c) Since 


and 


1 + - 
n 


1 + - 
m 




n / j— 

“ 

1 + 4- 

n 

= (v 1 + 


1 + i -o + 4 


we conclude that 


lim 

n—>■+oo 


1 H— 
n 


for m —* +oo, 


= V~e- 


Addition to (b) If we instead consider 


i+4 

n z 


%n — ( 1 H —— ) 5 n G N, 
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then the sequence becomes convergent. In fact, since n 2 G N, we get 


2tt i 

1 4 - 

n 


47T 2 


= V H- = 1 + ^r 


47T 2 


/ 


\ 


2 x 27r 2 


1 + 


exp (27r 2 ) for n —> +oc, 


, V 4^2 / 

and if we put z n — \z n \ exp (i0 n ), then 


0 n = n 2 Arg ( 1 + = n 2 Arctan (—- 

n J V n 


= n 


(2tt _ 1 
{ V “ 3 


87r 4 


}■ 


8 tt 2 1 


+ o —^ > = 27 rn -— • - + o - 


3 n 


hence 


, „ . . „ L 87T 2 1 / 1 \\ . . / 8tt 2 1 (1 

exp (iv n ) = cos 0 n + i sin 0 n = cos 27m-• —+o — +2 sm 7rn-• —+o — 

\ 6 n \n J J \ 6 n \n 

—» 1 for n —> +oo. 


Then by some rules of calculation for sequences, 
|z n | exp (i# n ) —> exp (27 t 2 ) for n —> +oo, 


thus 
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5 Line integrals 


Example 5.1 Let C be a simple, closed curve surrounding a domain Q in the (x,y)-plane of the area 
S. Prove that 


(a) jf : 


xdz = iS , (6) (b ydz = —S. 


c 


(c) jC 


zdz = 2i S. 



Figure 27: Example of a curve C, which surrounds a (bounded) domain Q. 


First it follows by a consideration of the figure that 


x dy = — (b y dx = S. 
c Jc 


It follows from 


x dx = (b y dy = 0 , 

c Jc 


that 

(a) 


(b) 


(c) 


(b xdz = (b xdx -\-i (b xdy = iS, 

Jc Jc Jc 

(b y dz = (b y dx + i (b y dy = —S, 

Jc Jc Jc 


(b zdz = (b {x — iy) {dx + i dy) = (b x dx — i (b y dx + i (b xdy + (b y dy 

Jc Jc Jc Jc Jc Jc 

= 0 —|— 2 ^ —|— 0 
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Example 5.2 Let C denote the circle \z\ = 1. Find 




We shall everywhere use the parametric description 
z = e lt , t G [0, 27r], 
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of the curve C. Then 


dz = i e lt dt , 
and we get: 

(a) 



Example 5.3 Find the value of the complex line integral J c \z \ dz, when the curve C is 

(a) the line segment from —i to i, 

(b) the left half of the unit circle run through from —i to i, 

(c) the right half of the unit circle run through from —i to i. 

(a) The parametric description is here 

z = iy, ye [-1,1], 

so by insertion, 

(b) The left half of the unit circle from —i to i has e.g. the parametric description 

z = e~ e , <9 e 
hence 



7T 37T 
2 5 ~ 2 ~ 


/ \z\dz= \y\-idy = 2i ydy = 2i 
Jc J-l Jo 
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Figure 29: The three curves C from —i to i with their directions. 


(c) The right half of the unit circle from — i to i has e.g. the parametric description 
<9e 


z = e 


7T 7r 

" 2" ’ 2" J 5 


hence by insertion, 


[ \z\ dz = r ie ie dO= [e i0 }l 

Vc j -§ 


e** d6 = [e^] ^ = i - (-i) = 2z. 


Remark 5.1 Clearly, the value of the line integral depends in this case of the path of integration. 0 


7 r 

°’ 2 J 


Example 5.4 Compute \ n - dz, where C denotes the curve with the parametric description 

z(t) = 2 cost + 2 i sint, t E 

By insertion of the parametric description 
z(t) = 2 cos t + i 2 sint = 2 e 2t , tE 
we get 

7T 

1 /*cf 1 

■ 2i dt 


°’ 2] ’ 


[ - dz = f —- -2 ie lt dt = i [ dt = - 

do 2e»* J 0 ! 


77T 

2 "' 


Example 5.5 Compute the line integral f c {x 2 + i?/ 3 ) dz, wdere C is the straight line segment from 
z = 1 to z = i. 

A parametric description of C is given by 
x(t) — \ t, y(t) = t , te [0,1]. 
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Hence, by insertion 



+ iy 3 ) dz 


[ { x (t) 2 +iy(t = 3 } • W(t) +iy'(t)} dt 
Jo 

f {(1 - t ) 2 + it 3 } • (-1 + i) dt 
Jo 

f {-(1 - t) 2 - t 3 } dt + i f {(1 -t) 2 -t 3 } 
Jo Jo 

(t - l) 3 f 


dt 


1 4 ‘ 

1 

r(t - 1) 3 

t 4_ 

4 

+ « 

0 

3 

4 


1 1 \ .( 1 1 \ 7 1 . 

~4~3j +t \4 + 3j-~U + U l - 
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Alternatively one may apply the following variant: 

[ ( x 2 +iy 3 )dz = f {(1 - t) 2 + i t 3 } • (-1 + i) 

Jc J o 

= (—1 + i) f {(t - l) 2 + it 3 } 

J o 


dt 

dt 


(-1 + 0 


(t-1) 3 .t 4 


(-i+>>Tr 


1 1 

‘3~4 + ® 


1 1\ 7 

-T + T =-T^ + 


1 


12 12 


Remark 5.2 This is not a so-called exact differential form, so the value of the line integral depends 
of the path of integration. 0 
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Example 5.6 Compute the line integral f c {(x 2 —y 2 ^dy — 2xydy}, where C denotes the straight 
line segment from 1 +i to 3 + 2i. 



Here we have at least three different variants: 

1) The “standard” method. The curve C has the parametric description 
z(t) = 1 + i + (2 + i)t, t E [0,1], 
hence by separation into real and imaginary parts, 
x(t) = 1 + 2 1 and y(t) = 1 + t for t E [0,1]. 

Hence by insertion, 


/ {(x2 


— y 2 ) dx — 2xy dy} = / { ((1 + 2t) 2 — (1 + t) 2 ) • 2 dt 

J o 

: [ {2(2 + 3t)t — 2 (l + 3t + 2t 2 )} dt = 2 [ {2t + 3t‘ 
Jo Jo 


= - — 3 = -. 
3 3 


-2(l+2t)(l+t)dt} 
— 1 — 3 1 — 21 2 } dt 


2) Exact differential form. The differential form under the integral is a (real) exact differential form, 
which can be seen by 

§~y (* 2 -# 2 ) = - 2 # = 
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and the form is defined in the simply connected domain M 2 . Hence, the value can be found by 
some clever manipulation of the integrand, 


/ {(x 2 - y 2 ) dx - 2xy dy} 

Jc 


= J {x 2 dx-(y 2 dx + xd(y 2 ))} = j d j ^ a; 3 - xy 2 ^ = 

= (i. 3 3- 3 . 2 y (i- i ) =9 _ i 2 _‘ + i = _ 2 -‘ 



( 3 , 2 ) 


(x,y)=( 1,1) 


3) Complex Functions. An even easier variant is to notice the connection with the Theory of Complex 
Functions, because 



y 2 ) dx 


p3-\-2i 

2xydy}=Re / z 2 dz = Re 

Jl+i 



1 

3 


Re{27 + 54i - 36 - Si - (1 + 3i 


-3 -<)} 


3 (27 - 36 


i+3 >=4 


Example 5.7 Sketch the curve C of the parametric description z = 1 + it, t G [0,1], and indicate its 
direction. 

Then compute 




(a) We get by the Theory of Complex Functions that 



y] l C 


(1 + i) 4 — l 4 = —4 — 1 = -5. 


53 

Download free eBooks at bookboon.com 












Complex Funktions Examples c-2 


Line integrals 


Alternatively it follows by a computation of the corresponding line integral, 


f 4 z 3 dz = f 4(1 + it) 3 i dt = M f (l + 3it — 3t 2 — i £ 3 ) 
Jc Jo Jo 


dt = 4i 


t+ ^ t 2_ t 3_ V 4 


li ( ] 


= 4i<jl + ^i — 1 — - ij> = i(6i — i) = —5. 


(b) Here we cannot apply the Theory of Complex Functions. Instead we insert the parametric 
description of C to get 


I dt = 


t 2 

rf + - 


= 2 + " 


f zdz= f (1 — it)idt= f (i + t)( 

Jc Jo Jo 

(c) Using the Theory of Complex Functions we get 

I - dz = [Log z] \ +l = Log(l + i) — Log 1 = Log(l + i) = - ln2 + i —. 
Jc z 2 4 

Alternatively we get by the parametric description that 

Jc z Jo 1 +Jo 1 + f Jo 1 + 1 2 J 0 1+t 2 


dt 


= i [Arctan t]l + - [in (l + i 2 )]* = -ln2 + ij. 


qaiteye 

Challenge the way we run 


EXPERIENCE THE POWER OF 
FULL ENGAGEMENT... 
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Example 5.8 Sketch the curve C of the parametric description z = e l7Tt , t E [0,1], and indicate its 
orientation. Then compute 

(a) [ 4 z 3 dz, ( b ) [ zdz , (c) [ - dz. 

Jc Jc Jc c 



(a) By using the Theory of Complex Functions we get 

[ 4z 3 dz = [V] y = (-1) 4 - l 4 = 0. 

Jc 

Alternatively we apply the parametric description 

[ 4z 3 dz= [ 4e~ 3M ■(-iTt)e~" t dt= [ (-4iir)e~ Ai7rt dt 

Jc Jo Jo 

(b) By insertion of the parametric description we get 

[ zdz = f e +l7Tt • (— i7r)e _7rt dt = —in. 

Jc Jo 

(c) By insertion of the parametric description we get 

f - dz = / (—i7r)e~ l7rt dt = — in. 

Jc z Jo e l7T 


[e- 4 ^]* = 1-1 = 0. 
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Example 5.9 Sketch the curve C of the parametric description z = 3e 27nt ; t G [0,1] ; 
orientation. Then compute 

(a) [ 4 z 3 dz, ( b ) f zdz , (c) [ - dz. 

Jc Jc Jc z 



Figure 35: The curve C and its orientation. 


(a) By using the Theory of Complex Functions we get 


X' 


4 z A dz = [ 2 : ] 3 = 0. 


Alternatively it follows by using the parametric description, 


[ 4z 3 dz = f < 

Jc Jo 


\z 6 dz = I 4 • 3 3 • e ei7Tt ■ 3 • 2i,n ■ e llvt dt = 3 


2iirt 


1 [ 8iir ■ e SM dt = [81 • e 8M ] 

Jo 


(b) We get by insertion of the parametric description that 

[ zdz = [ 3 e~ 2i7rt • 3 • 2iir • e 2i7rt dt = 18m. 

Jc Jo 

(c) We get by insertion of the parametric description that 

[ - dz = [ —• 3 • 2in e 2z?rt dt = 2i7r. 

J c z J 0 3 e 2l7Tt 
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Example 5.10 Sketch the curve C of the parametric description z = e 4l7Tt , t 
orientation. Then compute 


(a) [ Az 3 dz, ( b ) f zdz , (c) [ - dz. 

Jc Jc Jc z 



The curve C is the unit circle circulated twice in the positive direction, 

(a) By using the Theory of Complex Functions we get 

Jo 


4z dz = [z*\ 1 = 0. 


Alternatively it follows by insertion of the parametric description, 

[ 4z 3 dz = [ 4 e 12nit ■ 4iri e 4jrit dt = f IQni e Wnit dt = [e 167ri ‘]J = 0. 

Jc J 0 Jo 

(b) By insertion of the parametric description we get 

[ zdz = [ e ~ 47rit • 47ri e 47rit dt = Airi. 

Jc Jo 

(c) We get by insertion of the parametric description 

[ - dz = [ • 47ri e 4lTlt dt = 47t i. 

Jc z Jo e 4 ™ 

Alternatively we notice that - = z for \z\ = 1, because then z • z = 1. 
same as in (c). 
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Example 5.11 Sketch the curve C of parametric description z = 1 + it + t 2 , t G [0,1], and indicate 
its orientation. Then compute 


(a) f 4 z 3 dz, ( b ) f zdz , (c) f - dz. 

Jc Jc Jc z 

The curve is part of a parabolic arc of vertex 1. 

(a) We get by the Theory of Complex Functions that 

[ 4z 3 dz = [z 4 ] 2+i = (2 + i) 4 - 1 = (3 + 4 i) 2 - 1 = -7 + 24i - 1 = -8 + 24 i. 

Jc 

Alternatively (and not so smart) we insert the parametric description of the curve. Then we 
have the following computation, 

f 4 z 3 dz = f 4 (l + t 2 + it) 3 (i + 2t)dt 

Jc Jo 

= J 4 | (l+t 2 ) 3 +3it (l+t 2 ) 2 — 3t 2 (l+t 2 ) — it 3 j (2t + i)dt 

= 4 f {(t 6 +3t 4 +3t 2 + l — 3t 4 — 3t 2 ) +i (3t 5 +6t 3 +3t — t 3 )} (2t+i)dt 
Jo 

= 4 {(2t 7 +2t —3t 5 —5t 3 —3t) +i (t 6 + l+6t 6 + 10t 4 +6t 2 )} dt 

Jo 


= 4 


\r- l -r-\t 4 - l -r)+i (t 7 +2t 5 +2t 3 +t) 


J o 


= 1-2-5-2 + 4i(l + 2 + 2 + 1) =-8 + 24i. 

(b) When we insert the parametric description we get 

f z dz = f (l + t 2 — it) (21 + i) dt = f (2t 3 + 2t + t) + i (t 2 + 1 — 2t 2 ) 
Jc Jo Jo 


dt 


- t 4 + - t 2 + i ^— t 3 + t 
2 2 V 3 


-2 + -i. 
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(c) Since Log 2 is an integral of - in the right half plane, we get 

z 


f -dz= [Log z]l +l = Log(2 + i) = \ 

JC Z Z 

Alternatively (and less elegant) we insert the parametric description of the curve. Then 


- In 5 + i Arctan -. 


/ ' 

Jc z 


- dz = 
c z 


2t + i t^ T1 — it f .. f 

Jo t 2 + 1 Jo ( t 2 + 1) + 1 2 Jo 


1 2 1 3 T 3t T i (—£ 2 -\- 1) 


1 r 1 4t 3 + 6t 7 . r 1 

- 2 Jo i*TWTi dt + l Jo 

= 2 [ ln ( t4+3t2 + 1 )]o ~ i J Q 


-1 2 +1 


t* + 


3 + y/E 


t 2 + 


3-a/5 


t 4 + 3£ 2 + 1 
- dt 


dt 


2 

l + v^ 1 — a/5 

o 


2 | 2 V 3 + \/5 


t 2 + i 2 + 

1 — a/5 


> dt 


Arctan 


3 + y/E 


+ 


Arctan 


3-a/5 
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We stop the computations at this point because they should only serve as an illustration of the 
fact that in the Theory of Complex Functions it is worth always to look for alternatives which 
might be easier to apply. It is of course possible to reduce the computations above to the result 

1 , r . A 1 
- In 5 + i Arctan -, 

by starting the reduction by 

\j 3-i-v^ = ^6 + 2a/5 = \j ( Vf~+r) = 7f+I’ 

and analogously. 

Example 5.12 Compute f c (z + 1 )dz, where C is that part of the parabola of the equation y = x 2 , 
which starts at z = 0 and ends at z = 1 + i. 



If we use the parametric description 
x = t, y = t 2 , (6 [0,1], 

it follows by insertion and computation that 


f (z T 1) dz — f [t T it 2 T l) (1 T 2 it) dt — f (l T t — 2t^) T i {t 2 T 2t T 2 t 2 ^j dt 
Jc J 0 Jo 


t 2 £ 4 


n 1 


t + L -- L - + i (t 3 +e) 


J o 


o 

= 1 + - - - + ^(1 + 1) = 1 + 2i. 


Alternatively and a lot smarter we immediately see that — + z is an integral. (Check this, i.e. 
differentiate!) Then 


[ (* + l) 
Jc 


dz = 


z 


1 +i 


J 0 


2 i 

— ——hl + ^ — 1 + 2i. 
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Example 5.13 Find the value of the complex line integral 
/ z exp (z 2 ) dz, 

Jc 

when C is 

(a) the straight line segment from z = i to z = —i + 2, 

(b) the arc from z = 0 to z = 1 + i of the parabola of the equation y = x 2 . 




A simple check shows that - exp (z 2 ) is an integral of 2 exp (z 2 ). Hence 

(a) 



"1 

2 

1 

2 


exp (z 2 ) 
, e 3 cos 4 


- — i-\- 2 

= ^ {exp ((-* + 2) 2 ) - exp(-l)} 

- i 

1 • 3 • ,1 

- i e sin 4 > . 
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(b) Analogously, 

/ z exp (z 2 ) dz = 

Jc 


~ 2 exp (, 2 ) 


1+i 


= ^ {e 2 * — 1} = ^ {cos 2 — 1 + i sin2}. 


Example 5.14 Let C be the curve of the parametric description 
x(t) = cost, y(t) = sint, t £ [0, ir\. 

Prove that 


[ — dz 

Jc z 


<7re. 



The curve C is just a half circle in the upper half plan of radius 1 and centrum 0. It is well-known 
that its length is L = tt. 

If z £ (7, then \z\ = y/x 2 + y 2 = 1. In particular, x < 1 on (7, so we obtain the estimate 


= f.\e x -e iv \ = --e x \e iy \ = e x < e = M. 

\z 1 1 1 


Then we have the estimate 


J f(z ) cfe = j f dz 


< M - L = 7r e. 


Remark 5.3 It can be proved that the exact value can be written 

+00 0 


r P z Tcz 

tv*—s 

JC n =0 


(2n + l) • (2n + l)! 


■ n r. 


However, this cannot be proved at the mathematical level of this book. 0 
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Example 5.15 It is possible the compute the integrals 

f + °° cosx f + °° sinx 

I% m j - y dx og I 2 = / -j- dx 

-x H— *' 1 x H— 

X X 

numerically, though this is not an easy task, because the integrands decrease very slowly with increasing 
x. Apply the Theory of Complex Function, such that I\ and I 2 are rewritten as integrals with fast 
decreasing integrands, such that it is easy to perform a numerical computation. 



Consider the complex line integral 
f e iz 

I(A, B) = / - T dz, 

Jc z+- 
z 

where C denotes the straight line segment from z = 1 to z = A-\- iB, where A > 1 and B > 0. 
In particular, we define 

I(oo, 0) — lim I(A,0) and /(l,oo)= lim 1(1, B). 

A^+oo B ^+00 

(a) Prove that 

I(oo, 0) = h +il 2 - 


(b) Explain why 


/(oc, 0) = 1(1 , 00 ). 

Hint: Apply that Jordan’s lemma for a half circle C ^ in the upper half plane also holds for a part 
of a half plane in the upper half plane. 

(c) Use a real variable of integration t, where z = ((t) = 1 + i t, in order to prove that one can write 
7(1, 00 ) in the form 


r +00 

I(l,oo) = e i < 

Jo 


e 1 {Fi(t) +iF 2 (t)}dt, 


and find the real functions Fi (t) and F 2 ( t). 


63 

Download free eBooks at bookboon.com 












Complex Funktions Examples c-2 


Line integrals 


(a) If B = 0, then 

/(.!.<))= f ~^jdz= f 

JC y \ _ J 1 


2:+ ~ 
z 


1 

x H— 

X 


dx = 


f A cosx 
/ -y- dx-\-i 

x -\— ^ 1 


SIM 

x H— 
x 


dx. 


It follows that the limit ^4 —> +00 gives (conditionally) convergent integrals and that 


r+00 

I( oo,0) = / 

J 0 


cosx 

r 

x H— 

X 


dx + i 


r+00 

1 / 

Jo 


smx 
x + - 

X 


dx = I\+il 2 - 
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Figure 43: The curve C\ is composed of the quarter circle of radius A and centrum (1,0) and the 
corresponding line segments to centrum. 


(b) Let C\ be the closed curve on the figure. Since the integrand is analytic inside and on Ci, we 
have 


■ dz — 0. 


Ci 


Along the quarter circle we use the parametric description 


r: C(t) = l + A-e it , 

hence we get the estimate 


t G 


7T1 

°’d ■ 


/-V S / 

Jr z _ Jo 


*2 |exp (i (l + 4e ?t )) | A ^ ^ A 2 
^ * A at ^ 


A - 


A 2 - 


if exp( " 


A sin t) dt 


< 


A I / 2eXP H A '*) •l{ 1 -e- A }-0forA-+oo, 


A 2 - 


where we have used that 
2 

— < sint <t for t G 


0, 


which follows easily by considering the graph of sint in the given interval. This proves that 


— sin t <- t for t G 

7 r 


7T1 

°’ 2 ]’ 


which was used in the estimates above. 
Since 


r iz r iz 

0=0 ——y ~ A 1,0) + / ——dz — 7(1, A), 

7c f i^_|__ 7r^j__ 


/r z+- 

z 
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it follows by a rearrangement that 
I(A+1,0) = I(1,A)~ t -^-jdz, 

Z + - 

z 

and hence by taking the limit, 

/(oo, 0) = 7(1, oo). 


(c) Finally, we apply the parametric description 
z = ((t) = 1 + i t, t G [0, H-oo [, 
in our computation of 7(1, oo), thus 


1(1, oo) 


r°° e 

JO i 


exp(z(l + it)) . ^ _ r °° 

x cut — 


■ it - 


f 


(1 + it) exp (—t + i) . 


(l + it) 2 + l 


i dt 


i • e 


f 


1 + it 
(1 + it) • e 


-t 


2 — t 2 + 2 it 


dt , 


where 

F 1 (t) + iF 2 (t) = i • e 1 


1 + it 2 — t 2 — 2it 


2 - t 2 + 2it 2 - t 2 - 2it 

2 — t 2 + 2t 2 + i {2t — t 3 — 2t} 


= (— sin 1 + i • cos 1) 

= (— sin 1 + i cos 1) • 


(2 — t 2 ) 2 + 4t 2 
t 2 + 2 - i t 3 
4 + t 4 


-—j { —(t 2 + 2) sin 1+t 3 cos 1+i ((t 2 + 2) cos 1+t 3 sin l) } . 

zt c 


By separation into real and imaginary part we therefore obtain 

~ . . t 3 cos 1 — (t 2 + 2) sin 1 — t 3 sin 1 + (t 2 + l) cos 1 

, 1 - og F 2 (t) = — y > 


C + A 


C+ 4 


hence 


h = 


f + °° COST f 

= - f dx = 

J 1 rv* _l_ _ JO 


+ °° t 3 cos 1 — (t 2 + 2) sin 1 _ t 


x + - 
x 


t 4 + 4 


e dt , 


and 


/ 2 = 


r^ Tdx =[ 

rr \ _ Jo 


X + - 
X 


+ °° t 3 sin 1 + (t 2 + 2) cos 1 _, 

-r— t— -e dt. 

t 4 + 4 
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Now we shall find and use 


Fi{t) +iF 2 (t ) 


1 + it 2 — t 2 — 2it i 

1 2 - T 2 + 2it ' 2 - T 2 - 2*i ~ £ 4 + 4 

. t 2 + 2-it 3 _ t 3 . t 2 + 2 

1 t 4 + 4 _ t 4 + 4 + % 4 + 4 ’ 


{2 - £ 2 + 2£ 2 + (2f - t 3 


2t) *} 


so we finally get 


*!(*) = 


t 3 

t 4 + 4 


and 


F 2 (i) 


t 2 +2 
i 4 + 4' 
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6 Differentiable and analytic functions; Cauchy-Riemann’s equa¬ 
tions 

Example 6.1 Given the function 

f(x + iy) = ( x 2 + 2 y) +i ( x 2 + y 2 ) . 

Find the points zq in which f (zq) exists. 


Clearly, / G C°° (M 2 ). Then by partial differentiation, 


du 

dx 


= 2x, 


dv 

dy 


2 V, 


, du dv 
thus —— = — for x = y, 
dx dy 


and 


du ^ dv 
~dy = ’ ~dx = ^ 


du dv 

thus for x = —1. 

dy dx 


It follows that Cauchy-Riemann’s equations are only fulfilled for x = y = —1, hence the complex 
derivative /' (zq) does only exist at the point zq = — 1 — i, where 


/'(—1 — i) = -2- 2i. 


Example 6.2 Prove that the function 

2x 2 + 3y 2 +4xy+bx+2y+3 + i (6x 2 + 2y 2 +3xy+2x+7y+l) 
is not analytic in any domain of the complex plane. 


The function is clearly of class C°° (M 2 ). We shall therefore only check Cauchy-Riemann’s equations. 
We get 


du 

dx 


-f 4 y + 5, 


dv 

dy 


Fy + 3x + 7, 


du 

dy 


6y + 4x + 2, 


dv 

dx 


12x + 3y + 2. 


The it follows from Cauchy-Riemann’s equations that 


du dv 
dx dy ’ 


thus 


hence x = 2, and 


4x + Ay + 5 = 3x + 4y + 7, 


du dv 

dy dx ’ 


thus 4x + 6y + 2 = — 12x — 3y — 2. 


We conclude from the latter equation that 


16x + 9y + 4 = 0. 
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If we here put x = 2, we get y = —4, hence Cauchy-Riemann’s equations are only fulfilled at the point 
z = 2 — Ai. 

Now, a point does not contain an open domain, so we conclude that the function is not analytic. 


Example 6.3 Prove that none of the following functions is analytic at any point: 
(a) f(z) = xy-\-iy , ( b ) f(z)=e y (cosx + ismx). 


All the given functions are of class C°° (M 2 ), so we shall only prove that Cauchy-Riemann’s equations 
are not fulfilled in any open domain. 


(a) It follows from 


u(x, y) = xy and v(x, y) = y, 


that 


du du 

frr =y ’ dy =X 


og 


dv dv 

dx = °’ dy = ’ 


and we conclude that Cauchy-Riemann’s equations are only satisfied at the point (0,1), and a 
point cannot contain any domain. 

(b) Since 


u(x, y) = e y cosx and v(x, y) = e y sinx, 
it follows by differentiation that 

du v ■ du y 

—— = —e y smx, —— = e u cos x, 

ox oy 

dv dv . 

— = e y cos x, — = e !J sun. 

ox oy 

We see that Cauchy-Riemann’s equations are only fulfilled when both sinx = 0 and cosx = 0 at 
the same time, and this is not possible, because 

cos 2 x + sin 2 x = 1. 


Example 6.4 Given (p(x,y) = x 3 y. Is it possible to find a function 'ip(x^y), such that 
f(z) = <p(x,y) +i*p(x,y) 
becomes analytic? 


According to Cauchy-Riemann’s equations ^ must satisfy 


dfj dip 

dx dy 


dip 

dy 


dp 

dx 


= 3 x 2 y. 
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It follows from the former equation that 

${x,y) = + Ci(2/), 

and then from the latter equation, 

3 

^(x,y) = ^x 2 y 2 + C 2 {x). 

It follows that these two expressions can never be identical, no matter how C\(y) and C^^e) are chosen. 
In fact, the variables occur in different terms in the former expression of 'ip, while such a separation 
of the variables is impossible in the second expression. 

Hence one cannot find such a function 'ip. 

Alternatively (and better) we see that y ) = x 3 y is not harmonic: 

Aip = 6xy + 0 = 6xy ^ 0 for xy 7 ^ 0 , 

and since A ip = 0 is a necessary condition for ip being the real part of some analytic function, there 
does not exist such a ip . 

Example 6.5 Prove that Cauchy-Riemann’s equations are fulfilled for the function f(z ) = y/\xy\, 
z = x + iy, at the point z = 0 , and that the derivative nevertheless does not exist. 

Since f(z) is real, we have 

u(x,y) = y/\xy\ and v(x,y) = 0 . 

Since u(x, 0 ) = 0 , we have 

du , dv , 

_ ( 0 , 0 ) = 0 = ^( 0 , 0 ), 

and since u(0, y) = 0 , we also have 

du . . dv , 

^ ( 0 , 0 ) = --( 0 , 0 ) = 0 , 

and we have proved that Cauchy-Riemann’s equations hold at the point z ~ (0,0). 

Let us approach (0, 0) along the curve of the parametric description 
x(t) = t, y(t)=t , t G M+. 

Then 

<p(t) = f(x(t),y(t)) = Vt? = t, te R+, 
so (f'(t) = 1 ytz 0 , and the derivative does not exist. 
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Example 6.6 Prove that the function 

exp (— z~ A ) for z G C \ { 0 }, 

0 for z = 0, 

satisfies Cauchy-Riemann’s equations in all of C, and yet it is not differentiable at 0. 


/(---) = 


Since f(z) for 2 7 ^ 0 is the composition of analytic functions, it follows that / analytic for z ^ 0. In 
particular, f(z) fulfils Cauchy-Riemann’s equations for 2 7 ^ 0. 

On the other hand, the function is not continuous at z = 0, thus it cannot be analytic at z = 0 either. 
In fact, if we choose the curve of the parametric description 

z{t) = '' • t>0 ' 
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then 


f{z(t)) = exp 


\ 

1 


i 4 


1 + i 


■\ 4 


VWJ J 


- exp ( — ) —> +oo for t —> 0 + , 


Now, f(z) = u(x, y) + i v(x, y ), so 


f(x + i ■ 0) = u(x, 0) + i v(x, 0) = exp ( —j J + i ■ 0 


thus 


u(x, 0) = 


Analogously, 


exp \ 4 

x 4 


for x 7^ 0, 


for x = 0, 


and v(x, 0) = 0. 


f (0 + iy) = u( 0 ,y)+i-v( 0 ,y) = exp ( ) + i • 0, 


thus 


ex P l ~^4 
u( 0 ,y) = > ^ y 


0 


for y ^ 0, 


for y — 0, 


and v(0, y) = 0. 


Clearly, 


dv dv 

= 0 for z = 0 . 

ox oy 
Furthermore, 


du f . u(x, 0) — ix(0,0) exp ^ 

— (0, 0) = lim v y -x—— = lim ---— = lim-4- 

OX x^O X — 0 a;—>-0 X cctoO ( 1 


1 


1 


eX P ~Z 


= lim 


|t|->+oo exp (t 4 ) 


= 0 , 


and analogously, 

|( 0 , 0 ) = 0 . 

It follows by inspection that Cauchy-Riemann’s equations are also fulfilled at ( 0 , 0 ), thus they hold 
all over C. 

The lesson is that Cauchy-Riemann’s equations alone without any assumption of continuity are not 
sufficient for analyticity. 
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Example 6.7 Prove by means of Cauchy-Riemanns equations that the function 
f(z) = (— e x sin y + 3) + i ( e x cos y + 5) 
is analytic everywhere in C. 

The functions 

u(x, y) = — e x siny + 3 and v(x, y) = e x cosy + 5 

are both of class C°° (M 2 ), so it suffices to prove that Cauchy-Riemann’s equations are fulfilled every¬ 
where in C. We get by differentiation 


du . 

-- = -e* sin y, 
ox 

dv x ■ 

— = —e sin 2 /, 
dy 

dvs. 

du 

dx 

dv 
dy ’ 

du 

— = -e x cosy , 
dy 

d y 

— = e cos x, 
ox 

dvs. 

du 

dy 

dv 

dx 


Since Cauchy-Riemann’s equations hold everywhere in C, we conclude that f(z) is analytic in all of 
C. 

Remark 6.1 Note that it is easy to find f(z) by the following manipulations, 

f(z ) = {— e x sin 7/ + 3} + i {e x cos y + 5} = i 2 e x sin y + i e x cos y + (3 + 5 i) 

= i {e x cosy + i e x sin?/} + (3 + bi) = i e z + (3 + hi). 0 


Example 6.8 Check the different concepts of logarithm in the Theory of Complex Functions. 


In the Theory of Complex Functions one use in particular the following three different forms of the 
logarithm: 

1) The real natural logarithm In : M + —> M. 

2) The principal branch of the logarithm Log : C\ (M_ U {0}), where Q = C\ (M_ U {0}) is an open 
sliced domain of the complex plane along the negative real axis, such that always Arg z E ] — 7r, tt [ 
for z E Q. In this case, 

Log z := In \z\+i Arg z = lnr + iO, where ^ = r e l ° G fi, and 0 E ] — 7 r, 7 t[. 


By using Cauchy-Riemann’s equations in polar coordinates it is easy to prove that Log 2 is analytic 
in Q with the derivative 


f'^ = e ~ lB \ d f r +l Wr = l r e ~ 10 


1 


r e 


iO 


and it follows that Log z defined on Q is an extension of lux defined on M + . 
We also note that 


exp o Log (z) = exp(lnr + iO) = e lnr e l ° = r e l ° = z, 
hence in Tt the functions exp and Log are inverse to each other. 
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3) Finally, we also have the multiple-valued function log z, defined on C \ {0} by 
( Log 2 + 2ipir, p £ Z, for z G ft, 


log 2 = < 

[ In |z| + i{2p + 1}7T, pGZ, for^GM-. 

This function is not uniquely determined, so we shall not call it an analytic function, even though it 
has many properties in common with the analytic functions. Notice that none of these logarithms 
is defined for z = 0. 


Example 6.9 Check the following functions, if they fulfil the Cauchy-Riemann equations in their 
domains: 


(a) 


f(z) = x 2 - y 2 - 2 ixy. 


(b) 


X' 


.3 


3 y 2 x + 2 x + i (3 x 2 y - y 3 + 2 y). 


(c) 


f{z) = \ ln 


,2 



• \ y 

+1 Arctan — 


x 


(d) 



(a) The domain is C, and by separating the real and the imaginary part we get 
u{x, y) = x 2 — y 2 and v = —2 xy, 


hence 



and — = 2x ± — for x ^ 0. 
ay ox 


We conclude that Cauchy-Riemann’s equations are not satisfied in any open domain. 


Remark 6.2 If one also consider the second one of Cauchy-Riemann’s equation, it can be proved 
that they are only fulfilled at (0,0). 0 


Remark 6.3 Note that f(z) = z 2 . 0 
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(b) The domain is C, and we get by separation of the real and the imaginary part that 
u(x, y) = x 3 — 3 y 2 x + 2x and v(x, y) = 3 x 2 y — y 3 + 2 y, 


thus 


dll 9 9 

— = 3x 2 - 3 y 2 

OX 


O _ dv_ 
dy 


og 


du 

dy 


—Qyx = 


dv 

dx' 


We have proved that Cauchy-Riemann’s equations are satisfied in all of C. 


Remark 6.4 In this case it follows that 

f(z) = x 3 — 3 y 2 x + 2x + i (3 x 2 y — y 3 + 2 y) 

= x 3 + 3 xiy + 3 x(iy) 2 + (iy) 3 + 2(x + iy) 
= z 3 + 2z. 0 
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Figure 44: The domain in (c) is the union of the two open angular sets which contain the positive and 
the negative real half axis, resp.. 


(c) Here, 


y 

u(x,y) — - In (x 2 — y 2 ) and v{x,y) = Arctan — 

are defined and of class C°° in the open set given by \x\ > \y\. We have assumed that x ^ 0, so 
du 1 2x x 


dx 2 x 2 — y 2 x 2 — y 2 


and 


dv 

dy 


1 

x 


1 


(-j 


x . du 0 . ^ 

7^—, nar y ^ 0. 


x 2 + y 2 dx ’ 


It follows that Cauchy-Riemman’s equations are not satisfied in any open set, and the function 
cannot be analytic anywhere. 

(d) Here, 


u(x,y) = - In (x 2 + y 2 ) and v(x,y) = Arccot — 

2 y 

are both defined and C°°, when y ^ 0. Assuming this we get 


du 

X 

dv 

dx 

x 2 + y 2 ’ 

dy 

du 

y 

dv 

dy 

1 

to 

+ 

to 

dx 

proving 

that Cauchy-Riemann’s 


1 




i + [ x - 


du 


y 2 J x 2 + y 2 dx ’ 


du 


y x 2 + y 2 dy ’ 
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Remark 6.5 This is an important example, because it can be proved that 
Log z for y > 0, 

Log z + iir for y < 0, 


f(z) = 


o 


Example 6.10 Check if the following functions are analytic in any domain of the plane, 

(a) 

f{z) = x 2 + y 2 + 2 ixy. 

(b) 

f(z) = 2x -3y + i(3x + 2 y). 


(c) 


f(z) 


x + iy 
x 2 + y 2 


(d) 

f(z) = \x 2 — y 2 1 +2i\xy\. 


(a) The function 

f(z ) = x 2 + y 2 + 2 ixy 

is not analytic anywhere. It is seen by a separation of the real and the imaginary part that 

u{x, y) = x 2 + y 2 and v(x,y) = 2xy 

are both of class C°° (M 2 ). Then by a differentiation, 

du ^ dv , dy dv 

~-=2x=—- and — = 2y = — 
ox oy oy ox 

We see that one of the Cauchy-Riemann equations is satisfied, but the other 

du dv 

dy dx' 

is only fulfilled for y = 0, i.e. on the real axis, and the real axis does not contain any open domain 
of the plane. 

(b) It is seen by INSPECTION that 

f(z) = 2x — 3y + i( 3x + 2 y) = 2(x + iy) + 3 i(x + iy) = (2 + 3 i)z, 
which of course is analytic everywhere in C. 
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Alternatively, 

u(x,y) = 2x — 3y and v(x, y) = 3x + 2y 

are both of class C°° (M 2 ), and 

du dv du dv 

dx dy dy dx ’ 

proving that Cauchy-Riemann’s equations are fulfilled, and f(z ) is analytic everywhere in C. 

(c) An inspection shows that if z / 0 (i.e. when f(z ) is defined), then 
x + iy z 1 

/ 0) = -n -.—o = —= = =• 

x z + y z z • z z 


Indirect proof. Assume that f(z) = = were analytic for z ^ 0. Then according to the rules of 

computation, N = z must be analytic in the same domain. 

/ 0) 

However, since = z is not analytic anywhere, f(z) cannot be analytic. 

J\ z ) 
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Alternatively, 


u(x,y) = 


and v(x,y) = 


y 


x 2 + y 2 


are both of class C°° for (x,y) ^ (0,0). Then 


du x 2 + y 2 — 2x 2 y 2 — x 2 dv x 2 + y 2 — 2 y 2 x 2 — y 2 

dx ~ (^2 +y 2)2 - (a;2 +y 2)2’ 3y ~ ( x 2 + y2)2 “ + y 2)2 ’ 


du 2 xy dv 2 xy 

dy (x 2 +t/ 2 ) 2 ’ (x 2 T y2) 2 

This proves that we obtain the “Cauchy-Riemann equations with the wrong signs”, i.e. 

du dv du dv 

dx dy dy dx 

If therefore Cauchy-Riemann’s equations are satisfied, then 

du dv dudv 

{te = &y = ° S &y = -&c = ‘ 

Since z G C \ {0}, this is never the case. 



Figure 45: The four angular spaces, in which f(z ) is an analytic function, are indicated by the reduced 
expressions. 


(d) Since 

z 2 = x 2 — y 2 + 2 ixy, 

the analyticity here depends on the signs of x 2 — y 2 and 2 xy. 
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If x 2 — y 2 > 0 and 2 xy > 0 (two angular spaces), then clearly 
f(z ) = |x 2 — y 2 \ + 2i\xy\ = x 2 — y 2 + 2 ixy = z 2 
is analytic, cf. the figure. 

If x 2 — y 2 < 0 and 2 xy (again two angular spaces), then 
f(z) = \x 2 - y 2 \ + 2i\xy\ = - {x 2 - y 2 + 2ix//} = -z 2 
is analytic, and f(z) is (at least) analytic in the four marked angular spaces on the figure. 


If x 2 — y 2 < 0 and 2 xy > 0 (again two angular spaces), then 
f(z) = |^ 2 — y 2 \ + 2i\xy\ = — {x 2 — y 2 — 2ix7/} = —z 2 . 

If x 2 — y 2 > 0 and 2x?/ < 0 (the two remaining angular spaces), then 
f(z) = \x 2 — y 2 \ + 2i\xy\ = x 2 — y 2 — 2ix^/ = z 2 . 

The function f(z) is not analytic in any of these latter cases. We have e.g. for z 2 that 
u(x,y) = x 2 — y 2 and v(x, y) = — 2xy, 


hence 


du 

dx 


= 2x, 


dv 

dy 


= —2x, 


^2/ 


= -2y, 


dv 

dx 


= -2 y- 


It follows that Cauchy-Riemann’s equations are only satisfied at (0,0). 


Example 6.11 Prove that the following functions are analytic: 

(a) 

f(z) = x 2 - y 2 - 2 xy + i (x 2 - y 2 + 2xt/) , for z e C. 

(b) 


/(*) 


x 3 + XT / 2 + x + i ( x 2 y + t / 3 — y) 
x 2 + T / 2 


for z G C \ {0}. 


(c) 


f(z) = sinx • cosh// + i cosx • sinh//, for z G C. 


As usual it is worth while first to make an inspection. This will give us some variants in each part of 
the example. 
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(a) 1) Inspection. All terms contain the variables (x, y) of degree 2. Therefore, it is quite reasonable 
first to consider 

z 2 = (x + iy) 2 lx 2 — y 2 + 2 ixy. 

When we try to rewrite the expression of f(z ) by means of expressions which contain z 2 , we 
see that 

f(z) = {x 2 - y 2 } - 2xy + i (x 2 - y 2 + {2xy}) 

= { x 2 — y 2 + 2ixy} + i {x 2 — y 2 + 2ixy} 

= (1 +i)z 2 . 

Since f(z) = (1 + i)z 2 is a polynomial, we conclude that f(z) is analytic. 

2) Cauchy-Riemann’s equations. First note that 

u(x, y) = x 2 — y 2 — 2 xy and v(x, y) = x 2 — y 2 + 2 xy 

are both of class C°° (M 2 ). We shall therefore only prove that Cauchy-Riemann’s equations 
are fulfilled. We find 


u(x, y) =X 2 -y 2 - 2xy, 

v(x, y) = x 2 — y‘ 

du 

dv 

tt = 2x - 2 ^’ 

ox 

— = -2 y + 2x, 
dy 

du 

dv 

7T = ~ 2y ~ 
dy 

= 2x + 2 v • 

dx 


This implies that 

du dv du dv 

frjc = dy an dy = ~di' 

hence Cauchy-Riemann’s are satisfied everywhere, and we conclude that f(z) is analytic. 


In order to prove that f(z) = (1 + i)z 2 , one must either go through the argument of (1) once 
more, or otherwise differentiate twice, in which case we get f"(z) = 2(1 -M). Then we get the 
result by two successive integrations. 

(b) 1) Inspection. The degree of the numerator is 3, and the denominator has only degree 2. It is 
reasonable first to try a reduction. Here we get without any problems 

x 3 + xy 2 = x [x 2 + y 2 ) and x 2 y + y 3 = y ( x 2 + y 2 ) . 


Then by insertion and reduction, 

n\ _ x3 + xy2 + x + i( x2 y + v 3 ~ v)„ , x 

\1/ J\^) o | o ^ ' 9 i 9 

x z + y z x z + y z 

Since x 2 + y 2 = \z\ 2 = 2 : • it follows from (1) that 

x — iy z 1 

j{z) = x + ly + -2——o = z -j - - =z+ 

x z + y z z • z z 

which of course is analytic for z ^ 0. 
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2) Cauchy-Riemann’s equations. We shall here immediately use the reduction (1), which we 
here assume. If z ^ 0, then 

u(x,y) = x + X - and v(x,y)=y - V , 

x z + y z x z + y z 

which of course are both of class C°° (M 2 \ {(0, 0)}). Then 

du 1 1 2x 2 i y 2 — x 2 

dx = + ^T^ “ (x 2 +7/ 2 ) 2 = + (^+ 2 / 2 ) 2 ’ 

<9t; ^ 1 2 y 2 ^ y 2 — x 2 du 

dy x 2 + y 2 + ( x 2 + y 2 ) 2 + (:r 2 + y 2 ) 2 ftr’ 

and 

St/ 2x7/ <9t; 2x// 9tx 

% (x 2 +y 2 ) 2 ’ dx + ( x 2 + y 2 ) 2 dy' 


Thus it follows that the Cauchy-Riemann equations are fulfilled, so f{z ) is analytic everywhere 
in its domain. 

3) Cauchy-Riemann’s equations without the reduction (1). This is the difficult variant, 
in which one checks if the original expressions 


u(x,y) = 


x 6 + yx + x 
x 2 + 7/ 2 


and v(x,y) = 


x 2 y + y 3 -y 


satisfy Cauchy-Riemann’s equations. 
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By a mechanical computation we get 

du 
dx 


dv 

dy 


du 

dy 


dvv 

dx 


and it follows that Cauchy-Riemann’s equations 

du dv du dv 

dx dy dy dx 

are fulfilled, hence f(z ) is analytic for z ^ 0. 

(c) It will later be shown that f(z ) is the definition of the complex function sin z, z G C. Since this 
function has not yet been defined, we must instead use the Cauchy-Riemann equations. 

Clearly, the functions 

u(x,y) = sinx - coshy and v(x,y) = cosx - sinhy 

are both of class C°° (M 2 ). Furthermore, 

du 1 dv duj . . dv 

— = cos x • cosh y = — and —— = sm x • smh y = — —, 

dx dy dy dx 

hence Cauchy-Riemann’s equations are satisfied, thus 

f(z ) = sinx • cosh?/ + i cosx • sinh y {= sinz = sin(x + iy)} 

is analytic in all of C. 


( 3x 2 + y 2 + l) [x 3 + xy + x) • 2x 
(. x 2 + y 2 ) 2 

3x 4 + x 2 ?/ 2 + x 2 + 3 x 2 y 2 + y 4 + y 2 — 2x 4 — 2x 2 y 2 — 2x 2 
{x 2 + ?/ 2 ) 2 

x 2 + 2 x 2 y 2 + y 4 — x 2 + y 2 


= 1 + 


?/ 2 — x 2 


2 ’ 


(x 2 +y 2 ) \ (x 2 + y 2 ) 

(. x 3 + 3?/ 2 - l) ( x 2 + ?/ 2 ) - (x 2 ?/ + y 3 -y) -2y 
(x 2 + ?/ 2 ) 2 

x 4 + 3 x 2 y 2 — x 2 + x 2 y 2 + 3?/ 4 — y 2 — 2 x 2 y 2 — 2 y 4 + 2?/ 2 
(x 2 + ?/ 2 ) 2 

x 4 + 2 x 2 y 2 -\- y 4 — x 2 y 2 


= 1 + 


?/ 2 — x 2 


2 /},2N ' 2 V (x 2 + ?/ 2 ) 


(x 2 + ?/ 2 ) 

2xy {x 2 + ?/ 2 ) — 2 y {x 3 + xy 2 + x) 

( x 2 + ?/ 2 ) 2 

/ 2 , 2 2 2 1 \ _ 2a?2/ 


2 ’ 


2 2 2 i\ 

■y -x -y •!) = -- 


(x 2 + ?/ 2 ) 2 (x 2 + y 2 ) 2 ' 

2xy ( x 2 + y 2 ) — 2x ( x 2 y + y 3 — y) 

(. x 2 + y 2 ) 2 

2xv =+- 2xy 


( x 2 + y 2 ) 


0r 2 + y 2 ) 
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Remark 6.6 We shall here show by applying Euler’s formulae that this definition of sin z is quite 
reasonable. In fact, 

f(z ) = sin x • cosh y + i cos x • sinh y 

= | (e ix ~ e~ ix ) •\( e y + e~y) + i ■ \ {e ix + e~ ix ) • \ (e« - e~ y ) 

= El |e ix e y + e ix e“ y - e“ ix e y - e ix e y + e ix e“ y - e - ix e y + e~ ix e~ v } 

= — • - {2e ix e~ v -2 e~ ix e v \ = — (e ix ~ v - e ~ ix+y ) 

2i 2 1 1 2i v ' 


_ Jl | e i(a:+zy) _ e -z(a;+zy)| _ . Q 


Example 6.12 Find some real constants a, b, c, d, such that the following functions become analytic: 

(a) 

f(z) = x + ay + i(bx + cy). 

(b) 

/(V) =r 2 + ar^ + by 2 + i (cr 2 + + t/ 2 ) . 

(c) 

f(z ) — cosx • cosh y + a cosx • sinhyi (6 sinx • sinh y + sinx • coshy). 


We first note that all the functions are of class C°° (M 2 ). Therefore, we shall only check if Cauchy- 
Riemann’s equations are fulfilled. 

(a) Since 

u(x,y)=x + ay and v(x,y) = b x + cy, 

it follows from Cauchy-Riemann’s equations that 

du dv 1 du dv 

= 1 = = c and — = a = = -b. 

ox dy dy ox 

Thus, the function is analytic, if and only if c = 1 and a = —b. In that case we also have 

f(z) = x — by + i(bx + y) = (1 + ib)(x + iy ) = (1 + ib)z. 

(b) Since 

u(x,y) = x 2 + axy + by 2 and v(x,y) = cx 2 + dxy + y 2 , 
it follows from Cauchy-Riemann’s equations that 

du dv 

— = 2x + ay= — = d-x + 2y, 

dx dy 

du . 

— = ax + 2by =——=—2cx =—d - y. 

dy dx 
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These equations must hold for all x and y , hence we conclude that 
d = 2, a = 2, a = —2c and 26 = —d, 
hence 

a = 2, b =— d = — 1 , c=—a = — 1 , d — 2, 

2 2 

and we conclude that the only possible function is 

f(z) = x 2 + 2xy - y 2 + i {-x 2 + 2xy + y 2 } = [x 2 - y 2 + 2ixy} - i {x 2 - y 2 + 2ixy} 
= (1 -i)z 2 . 


(c) Since 

u(x,y) = cosc • cosh?/+ a • cosx • sinh?/, 
v(x,y) = 6 • sinx • sinh?/+ sinx • cosh^/, 


we get 

du 

dx 

dv 

dy 

du 

dy 

dv 

dx 


— sin x • cosh y — a • sin x • sinh 
b • sin x • cosh y + sin x • sinh y , 
cosh x • sinh y + a • cos x • cosh y , 
b • cos x • sinh y + cos x • cosh y. 


It follows that Cauchy-Riemann’s equations are satisfied, if 


b = —1, —a = 1, b = — 1 and a = —1, 


thus for a = b = — 1. For these values we obtain the analytic function 


f(z ) = cosx • cosh 7/ — cosx • sinh?/ + i {— sin a; • sinh?/ + sinx • cosh 7/} 

= cos x • {cosh y — sinh y} + i sin x • {cosh y — sinh y} 

= {cosx + i smx}e~ y = e lx ~ y = e lz . 
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Example 6.13 Find all analytic functions in C of the form 
/ 0) = f{x + iy) = <p(x) + i ip(y), 
where <p and ip are C 1 -functions in one real variable. 


We first assume that ip and ij; are real functions. A necessary and sufficient condition for f(z) being 
analytic is that tp and are both of class C l 7 and that Cauchy-Riemann’s equations are fulfilled, 
i.e. 


^(x) = v'{x) = ^(y) = ip\y), 

because it is trivial that 

d<p, s dip 

dy {x) = -di {v) = 0 

The equation ip'(x) = i/j'(y) is only satisfied, if the common value is a real constant a. In fact, since 
p'(x) is independent of y , we conclude that ifj'(y) = p'(x) is a constant. Hence 


p'(x) = a and i/j'( y ) = a, a G 


thus 


p(x) = ax F ci and y ) = a y + C 2 , 
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and 


f(z ) = ip(x) + i 'ipiy) = a • (x + iy) + c\ + i c 2 = a z + c, 
where a G M and c G C. Finally, 

f(z ) = a z + c, a G M. and c G C, 
is clearly analytic. 

Then assume that ip(x) and i/j(y) in the real variables have complex values. Then by separation into 
real and imaginary parts, 

<p(x) = Ifii(x) + iip 2 (x) and ip(y) = ipi(y) + iip 2 (y), 
hence 

/ 0) = <p(x)+iip(y) 

= Wi(x) -faiy)} + i{<p 2 (x) + ipi(y)}, 

and by a separation into real and imaginary parts, 


u(x, y) = ip\{x) - Ip 2 (y), v(x, y) = y 2 (x) + ipi(y). 

It follows from Cauchy-Riemann’s equations that we get the conditions 

I - 

and we conclude as above that there exist real constants a± and a 2 , such that 
<Pi(x) = i’liy) = a l and tp' 2 (x) = ip’ 2 (y) = a 2 , 
thus 

<pi(x) = a i x + bn, 

ip 2 (x) = a 2 x + b 2 1 , 

and by insertion, 

f(z) = If(x)+i-ip(y) = (a 1 +ia 2 )x+(b 11 +ib 21 )+i(a 1 +ia 2 )y+i(bi 2 +ib 22 ) 


i>i{y) = aw + b 12 , 
ip2(y) = a 2 y + b 22 , 


= a^ + c, a, c G C, 


where 

a = a 1 + i a 2 og c = bn - 622 + i (621 + & 21 ) • 
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Example 6.14 Prove that a shorthand of Cauchy-Riemann’s equations is 

dj_ = 1 dj_ 

dx i dy 

If we put f = u + iv, then it follows from Cauchy-Riemann’s equations that 

df du . dv dv . du 1 f du . dv \ 1 df 

dx dx dx dy dy i \dy dy ) i dy 

Example 6.15 Define 

0/. = if0/ .0A Lifa/_ia/y 

dz 2 \dx 1 dy) 2\dx i dyJ 

Prove that Cauchy-Riemann’s equations are equivalent to 



Remark 6.7 One often says due to this result that the analytic functions only depend on z and not 

df 

on z. This claim can only be taken as a mnemonic rule, because 7 — is not the derivative of / with 

dz 

respect to z. It is only a shorthand for 

1 (df . df\ 

2 \dx 1 ~dy) 0 


According to Example 6.14, the Cauchy-Riemann equations are equivalent to 

di = idi 

dx i dy' 

thus 

a/_ 1 dj_ = dj_ di^ di 

dx i dy dx dy dz' 

and it follows that Cauchy-Riemann’s equations are equivalent to 

df 

Pz _0 ‘ 
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Example 6.16 Assume that f is analytic in a domain Q and that 
in Q. 


du dv 
dx + dy 


Prove that f is constant in ft. 


It follows from Cauchy-Riemann’s equations that 

du dv du du du 

dx + dy dx + dx dx ’ 

hence 

u(x,y) = u(y). 

Analogously, 

du dv dv dv dv 

dx + dy dy + dy dy ’ 

hence 

v(x,y) = v(x). 

Then it follows from the second of Cauchy-Riemann’s equations that 

I -«'<»)--£ —'<*>• 

independently of both x and y, hence the common value must be a real constant — c. Hereby we 
obtain the derivative 


, \ du dv „ ./x 

/(2)= to +! to =o+i(+c)=i<: - 


c g : 


Example 6.17 Find the domains of analyticity for each of the following functions, and then find 
their derivatives: 


(a) 



(b) 


z 2 - 4 
z 3 — 3z — 2' 


(c) 


z Pi 
z- 2’ 


(d) 


y3 


Remark 6.8 Always start by inspecting the expression, if anything could be reduced. 0 
(a) The function 



is analytic in C \ {0}. Then we get by the rules of computation that the derivative is 


/'(*) 




-z*-z 2 + lj 



3 (z 4 - 1) (z 2 - 1) 

7 * 
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(b) Here it pays off first to decompose. Since z 3 — 3z — 2 has the root z = 2, we easily get the 
expansion 

z 3 — 3z — 2 = (z-2)(z+l) 2 . 

Since 

z 2 -4 = {z-2)(z + 2), 
we have the reduction 

f() = g2 ~ 4 = z _±l = 1 , _l 

z 3 — 3z — 2 (z + l) 2 (z + l) 2 z + 1 

Hence the function f(z) is analytic in C\ {2,-1} with a removable singularity at z = 2. This 
means that the domain of analyticity can be extended to C \ { —1}. In this extended domain the 
derivative is given by 

f '( z ) =_1_ 1 _=_ g + 3 

J{) (z+ l) 2 (z+lf (z + 1) 3 ‘ 
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(c) We write the function in the following way, 


f(z) 


2 + i 

z-2 ~ + z-2' 


(note that we again start with a decomposition). This is clearly analytic in C \ {2}. Since we have 
decomposed the function, it is very easy to compute the derivative, 


/'(*) 


2 T i 

JF 1 W 


Remark 6.9 If we did not decompose before the differentiation, the computations would have 
been somewhat larger, to put it mildly. 0 


(d) The function f(z ) 


is analytic in C \ {0} and its derivative is 


/'(*) = - 


3 i 


Example 6.18 Find the derivatives of the following analytic function in their domains: 

(a) f(z) = z 5 - 3z 2 - 1, ( b ) f( z ) ss J~> 

(c) f(z) = (1 - z) 4 (z 2 + l) 3 , (d) f(z) = . 

(a) The function is defined everywhere in C, and it follows from the elementary rules of computation 
that 

f\z) = 5z 4 — 6z. 

(b) Here it is better to start with a decomposition, 


which is defined in C \ {1}, so the derivative is 

(c) The function is defined in all of C, and by the elementary rules of computation we get the 
derivative 

f(z) = 4(z — l) 3 [z 2 + l) 3 + 6z(z — l) 4 {z 2 + l) 2 

= 2(z — l) 3 (z 2 + l) 2 {2z 2 + 2 + 3z(z — 1)} 

= 2(z - l) 3 (z 2 + if {5z 2 - 3z + 2} . 
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(d) The function /(z) = 


z-1 


4 

is defined in C \ {—1}. Before the differentiation we note that 


z-1 


= 1 - 


z + 1 ‘ z + 1’ 

hence by differentiation of a composed function, 


« 2 > = 4 (jr t 


(z + l ) 2 


(z + l) 5 ’ 


zeC\ {-l}. 


Example 6.19 (a) Check where in the complex plane the functions u and v, given by 
u + iv = f(z ) = 0) 2 , 
satisfy Cauchy-Riemann’s equations. 

(b) Is f(z) analytic at z = 0? 


(a) Since 

u-\-iv = (z) 2 = (x — iy) 2 = x 2 — y 2 — 2 ixy, 


we get by a separation into the real and the imaginary parts that 
u(x,y)=x 2 —y 2 and v(x,y) = —2xy. 


These functions are both of class C°° (M 2 ). Then 


du 

dx 


= 2x, 


dv 

dy 


= — 2x, 


du 

dy 


= -2 2 ,, 


dv 

dx 


= -2 y- 


It follows that Cauchy-Riemann’s equations are fulfilled, 


du dv 
dx dy 

du dv 

dy dx 


for x = 0, 


for y = 0. 


This proves that Cauchy-Riemann’s equations are only satisfied for z = 0. 

(b) Since the domain of analyticity is always an open domain contained in the set where Cauchy- 
Riemann’s equations are fulfilled, and since the set {(0,0)} ^ {0} does not contain any open 
domain, the function /(z) is not analytic at z = 0. 
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(F 

o 

1 

o 


z 


Remark 6.10 The difficult thing here is that the function f(z ) actually is complex differentiable 
at 0. In fact, if z 0 we get for the difference quotient that 


= —— = |^| —> 0 for z —» 0 , 


and it follows that 

/'( 0 ) = lim = 

J W s-0 z-0 

However, this does not assure that f(z) is analytic at z = 0. <0 


Example 6.20 We shall check the map w = z + z 2 , where z = x + iy and w = u-\-iv. 

(a) Prove that the straight lines x = xo, where xo is a real constant is mapped into the 


parabolas 
(2) u=- 


(1 + 2 x 0 y 


+ Xq ( x 0 + 1) • 


(b) Which curves are the images of y = go, where yo is a real constant 0? 

(c) Find the image of Xo = — and the image of yo = 0. 

(d) Find a straight line x = x\, where x\ is a real constant x$, with the property that it is mapped 

into (2). 


(e) What are the image curves of the circles 


1 

" + 2 


= ro ; where ro is a positive constant? 


(a) Since 

w = f(z) = z + z 2 = x+ iy + {x + iy) 2 = x + x 2 - y 2 + i(y + 2 xy), 
it follows by a separation of the real and the imaginary part that 
(3) u(x, y) = x + x 2 — y and v(x, y) = y(l + 2x). 

If therefore z(t) = xq + it, t G M, then it follows from (3) that 

u(t) = xo (xq + 1) — t 2 and v(t) = (1 + 2xo) t, t G M, 

and the task has now been reduced to eliminating the parameter t. 

1 v 

If xo 7 ^ —then t = - --—, hence by putting this into the expression of u gives ( 2 ), thus 

2 1 -\~ Zxq 


u = — - 


(+2xq) 


+ x 0 (xq + 1), Xo G M \ 




93 

Download free eBooks at bookboon.com 
















Complex Funktions Examples c-2 


Differentiable and analytic functions; Cauchy-Riemann's equations 



(c’) We note that if xq = — then 




1 2 

-~~t 2 

4 


and the image is 


—oo, —- 


and v = 0, t G M, 
run through twice, and we have answered the first half of (c). 



One generation’s transformation is the next’s status quo. 
In the near future, people may soon think it’s strange that 
devices ever had to be “plugged in.’’ To obtain that status, there 

needs to be “The Shift ’. 


What if 
you could 
build your 
future and 
create the 
future? 
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(b) If instead z(t) = t + iyo , i G M, |/o / 0, then it follows from (3) that 
u(t) =t + t 2 -yl, v{t) = 2 / 0 (1 + 2t). 

When we £ eliminate from the last equation, we get 

hence by insertion into the first equation, 

2 v 1 y2 1 ^ 1 2 f v \ 2 o 1 

— 2/o = ~-- + “T o — --F - — ?/n = I -- I -VZ - - 


u=l --!) + ] --1 

2 \2/0 / 4 V2/0 


2yo 


2+^2 


4^0 2 yo + 4 2/0 V 2 Z/o 7 


Vo 


4’ 


which again is a system of parabolas. 

(c”) If yo = 0, then 

u(t) = £ + £ 2 = ft + ^ ^ and 


v = 0, £ £ M, 


thus the interval 


1 

--,+°° 


is run through twice, and we have answered the latter part of (c). 


1 


(d) If x = x\ ^ Xq and Xq shall be mapped into (2), then the parabolas must have the same 

vertex, i.e. 


1 


1 


1 


1 


x 0 + x 0 =\^x 0 + -j -4 = ^ + 2 ) ~ 4 =x i+^i- 
Hence 

0 = ^ - ^1 + ^ = Oo + x\ H-1) • Oo - xi) . 

It follows from x\ ^ xo that x\ = — 1 — xq. Using this value we get 
(1 + 2 xi ) 2 = (1 - 2 - 2 xo ) 2 = (1 + 2 x 0 ) 2 , 
and we conclude that the two parabolas are identical. 

(e) Finally, we shall find the images of the circles 


1 

* + 2 


= r 0 > 0. 
It follows from 


w = z + z*=[z+- I 


that 


1 

" + 2 


1 

w+~, 
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hence 


1 


1 

w + - 

= 

- 

4 


2 


= r 


2 

O’ 


and the image curve is the circle of centrum 


1 

4 


and radius rg run through twice. 
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7 The polar Cauchy-Riemann’s equations 


Example 7.1 Prove that the complex function f{z), which is given in polar coordinates (r, 0) by 

0 0 

f(z ) = \fr • cos - + i\[r • sin -, z = r e ld , 

is analytic in the sliced domain 

ft = {z = r e l ° | r G M+, 0 G ] - 7r, i r[} , 

where we have removed the closed real negative axis. Then find its derivative. 


Given that 0 does not belong to the domain 12, and that 


0 0 

u(r, 0) = \Jr • cos - and v(r, 0) = \fr • sin -, 


are of class C°° in this domain, we shall only check that the Cauchy-Riemann equations in polar 
coordinates are satisfied. We get 


du 1 1 6 1 dv 1 1 0 

~d~r = 2 ^ ' C ° S 2’ rdO = 2 ' C ° S 2 


1 du 11 .6 dv 1 1 .6 

rdO = ~ 2 VT ' Sm 2 ’ 5^ = 2 ^ ' Sm 2 


and it follows that the polar Cauchy-Riemann equations are fulfilled, hence f(z) is an analytic function. 


The derivative is given by 




9 . 1 

COS-h l - -=. 

2 2^/r 


. 0 

sm - 


1 1 


1 1 


2^ e " exp rr2^ 


1 


ex P l 1 2 


^ o.^.o 

yjr cos - + ly/r sm - 


1 1 

2 /(*) ’ 


Remark 7.1 This is in fact the polar definition of the analytic function f(z) = yfz with the slit along 
the negative real axis. <0 
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Example 7.2 Prove that the complex function f{z), which is given in polar coordinates (r,Q) by 
f(z) = e r cos 8 cos(r • sin 9) +ie r cos 8 sin(r • sin 0) 
is analytic in the domain 

Cl = {z = r e 10 | r G M+, # £ ] — 7r, 7 t[} , 
and find its derivative. 

It follows immediately from x = r cos 0 and y = r • sin 6 that 
f(z ) = e* cos y -\- i e x sin y = e x (cosy + i siny) = e x e %v = e 2 , 
thus f(z ) = is analytic with the derivative 
/'(*) = e 2 = f(z). 

Alternatively we prove that Cauchy-Riemann’s equations in polar coordinates are satisfied. First 
note that 0 does not belong to the domain. Then by a separation of the real and the imaginary parts, 

u(r, 0) = e r cos0 cos(r sin#), v(r, 6) = e r cos0 sin(r sin#), 
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where both functions are of class C°°. Then by a differentiation, 

(~)i / 

— = cos# • e r cos9 • cos(r sin#) — sin# • e r cos9 • sin(r sin#), 
or 

1 iO/ii 1 1 dll 

- — = - • r (— sin #)e r cos 9 • sin(r sin#) -f— • r cos # • e r cos9 • cos(r sin 0 ) = 7 —, 

r 06 r r or 

1 iO/i 1 1 1 

= - (—r sin#) • e r cos9 • cos(r sin 6 ) H—e r cos6> • r COS6 1 • (—sin(r sin^)), 
r ar r r 

dn 1 du 

— = cos# • e r cos0 • sin(r sin#) + e r cos0 • sin# • cos(r sin#) = — —-, 

ar r a# 

and we have proved that f(z ) is analytic. The derivative is given by 



= e~ l9 {cos# • e r cos9 • cos(r sin#) — sin# • e r cos9 • sin(r sin#) 

Pi cos # . e r cos9 . s in(r sin 6) + ie r cos 0 • sin # • cos(r sin #)} 

= e~ 9 {(cos # + i sin #)e r cos0 • cos(r sin #) + i(cos # + i sin #)e r cos9 • sin(r sin #)} 
= e- i0 • e** {e r cos9 cos(r sin#) + i e r cos9 sin(r sin#)} 

= /(*)■ 


Example 7.3 Prove that the complex function f(z), given in polar coordinates (r,Q) by 
f(z) = r cos # • In r — r# sin # + i{r sin sin # • In r + r# • cos #}, 
is analytic in the domain 

ft = {z = r e l9 | r G M+, # G ] — 7r, 7 t[} , 
and find its derivative. 


The domain Q does not contain 0, and both functions 


u(r, #) = r cos# • lnr — r # • sin#, 

n(r, #) = r sin# • lnr + r # • cos#, 

are of class Hence, we shall only check the Cauchy-Riemann equations in polar coordinates. 

We have 
Ou 

— = cos# • lnr + cos# — # • sin#, 

or 


1 dv 
r 80 


cos # • In r + cos # — # • sin # 


du 
dr ’ 


1 du 
r dO 


— sin # • In r — sin # — # • cos #, 


<9u 


sin # • In r + sin # + # • cos # 


1 

r dO ’ 
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so the polar Cauchy-Riemann equations are fulfilled and hence f(z ) is analytic in Q. 
Finally, the derivative is given by 



= e~ l6 {cos # • In r + cos 6 — 0 • sin # + i (sin 0 • In r + sin 6 + 0 • cos 0 )} 

= e _ ^{lnr(cos# + i sin#) + (cos# + iO) + i#(cos# + i sin#)} 

= (lnr + 1 + iO)e~ l0 (cosO + i sin#) = 1 + Log z for 2 £ fL 

Remark 7.2 It is also here possible to find the exact expression of f(z) in Q as a function in z. In 
fact, if z G fi, then 

f(z ) = r cos # • In r — r # sin # + i {r sin # • In r + r # cos #} 

_ r i n r . ( C os # + i sin #) + i r 6 (cos # + i sin #) 

— r In r • e z6> + i r 6 e l ° = r e l9 (In r + i6) 

= zLogz. 0 

Example 7.4 Sketch the curves u(x,y ) = constant and v(x,y) = constant m domains of the 
following functions: 

(a) f(z) = z 3 , ( b ) f(z) = e z , ( x) f(z) = Log z. 


(a) We have in rectangular coordinates 

f(z) = (x + iy) 3 = x 3 - 3 xy 2 + i {3 x 2 y - y 3 } , 
thus 

(4) u(x, y) = x 3 - 3 sy 2 , v(x, y) = 3 x 2 y - y 3 , 
If we instead use polar coordinate, then 
f(z ) = r 3 e 3ie = r 3 cos3 0 + ir 3 sin 30, 


hence 

iz(r, #) = r 3 cos 3#, n(r, #) = r 3 sin 3#. 

Empirically the treatment of systems of curves of e.g. the form 
u(x,y) = c, 

is often causing some difficulties. Hence we shall go through this example in more detail than 
usually. We shall restrict ourselves to consider only the rectangular version (4). 

First we consider the curves u(x,y) = c. If we insert a point (x,y), we only obtain one value of 
the constant c. Hence we conclude that curves belonging to different values of c do not intersect. 
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Let c = 0. Then the equation is written as follows: 


o = X 3 - 3 xy 2 = —3x ( y 2 ~ i X 2 ^ = -3x (y - -)= ^ + x 


Hence, the solution set for c = 0 is the union of the three straight lines, given by the equations 
x = 0, 


y = —x and y = — x, 

Vs Vs 


which intersect at (0,0). Any other curve of the type u(x,y) = c, c ^ 0, is now confined to one 
of the six open angular spaces. Furthermore, the lines corresponding to c = 0 must be asymptotes 
for any other curve u(x,y) = c, where 0. 



Figure 47: (a) The two curve systems u(x,y) = c\ and v(x,y) = c 2 are orthogonal in C \ (0,0). 

For the time being we shall neglect the vertical line x = 0, which requires another though analogous 
treatment. Hence, we shall consider the lines 

y = x 

Vs 
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and the corresponding angular spaces. Let (xo,yo) be a point on the claimed asymptote, and let 
(x, y ) be a point on the curve. Then 

Xq — 3xo2/o = 0 and x 3 - 3 xy 2 = c. 

If we here put xo = x 1 it follows that the distance from the curve to one of the lines is smaller 
than or equal to either 

\y-yo\ or \y - (~yo)\ = \y + yo\ ■ 

Therefore, we shall only prove that one of these two distances tends towards zero, when x = Xo — > 
± 00 . When we subtract the two equations, we get 

3a;o (y 2 ~yl) = c, 

thus 


\y 2 -yo\ = \y-yo\-\y + yo\= ^ • 

Since the right hand side tends towards zero for xq —> ± 00 , at least one of the two factors \y — yo\ 
and \y + yo\ will tend towards zero by the same limit, and the claim is proved. 

Then we threat the ^-curves, either in the same way, or by using that the v- -curves are orthogonal 
to the Ti-curves. A third method is simply by the symmetry to interchange x and y. 



redefining / sta n d a rd s 


> Apply now 


REDEFINE YOUR FUTURE 

AXA GLOBAL GRADUATE 
PROGRAM 2015 
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(b) We have in rectangular coordinates 
f(z) = e x cos y + ie x sin ?/, 

hence by separating the real and the imaginary part, 
u(x, t/) = e x cos t/, v(x, y) = e x siny. 

In this case it is very difficult to handle the polar description, so we shall only consider the 

rectangular version. 

We first investigate the ^-curves 
e x cos y = c, cGR. 

If c = 0, then cos y = 0, and we get the horizontal lines 



The curves corresponding to c ^ 0 must now be restricted to the horizontal “strips”, defined by 
the curves corresponding to c = 0. If c ^ 0, it follows from the equation 

e x cos y = c, 

that cos y and c must have the same sign, thus 


ye + 2pn , | + 2pn , p G Z, if c > 0, 


and 


7T 


+ 2pir , — + 2pir , p G Z, if c < 0. 


One may say that every second of the horizontal strips belong to positive c, and every second to 
negative c. 

The point is that the equation can now be written, such that x is expressed as a function of y. 
This is due to the fact that Arccos is a somewhat difficult function, while cos is not. If c and cos y 
have the same sign, then 



The minimum of x is obtained when | cosy\ = 1, corresponding to y = qir, q G Z, and x = In \c\. 
We note that this minimum is negative, if |c| < 1. If y approaches one of the boundary “curves”, 




corresponding to the system of curves for c = 0, become the asymptotes. It follows from 


x = In \c\ — In | cost/I, 
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Figure 48: (b) The curves u(x,y) = c. 

that all curves in one “strip” is obtained from x = — In | cosy\ by a translation of the amount In \c\. 

Finally, the u-curves are either obtained in the same way by noticing that 
siny = cos - y) = cos [y - |) , 

7T 

so the u-curves are obtained from the u -curves by a translation of the amount i —. Alternatively, 
one may again apply the orthogonality of the 7i-curves and the u-curves. 



Figure 49: (c) The orthogonal curve systems u(x,y) = c\ and v(x,y) = C 2 . 

(c) In this case it is most convenient to apply polar coordinates, 
f(z)= Log z = lnr + i6, r > 0, 0£]—7r, 7r], 

thus 

u(r,6) = lnr and v(r,6)=6. 
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The curves u(r , 6) = c are the circles r = e c , and the curves v(r, 0) = c are the half lines 0 = c E 
] — 7T, 7r], where we usually include 0 = tt, which gives a discontinuity in the function Arg z. 

The point z = 0 is a singular point. 

We interpret this situation as the model of a point source at z = 0, where the u-curves denote the 
streamlines and the ^-curves denote the equipotential curves. 


Example 7.5 . Flow around a corner. Given a real constant c> -. If z e C \ {0} ; we define 
Log*z by 

Log= In |z| + iO, 

where 0 is the argument of z, z = r e l °, for which 0 E [0,27r[. 

Consider the complex potential 

F{z) = z c := e cLo S* z . 

7T 

Write z = r e t0 . Prove that the half lines 0 = 0 and 0 = — are streamlines. 

c 

(Hence, the pattern of the flow does not change, if we put barriers along these half lines). 

7T 

Sketch the streamlines in the sector 0 < 0 < — in the following three cases, 

c 

2 

(a) c = 4, (b) c= 1, (c) c = -. 



First compute 

F(z) = z c := e cLo %* z = e c lnr + ic6 = r c ■ {cos(c6>) + i sin (c0)}, 
which shows that the streamlines are given by 
^(x^y) = Im(F(z)) = r c • sin (cO) = k , 
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-3 -2 -1 0 

i 2 3 

Figure 51: (b) The streamlines for c = 1. 

3 

// 2 
/ y 

/ /"t 


-3 / -2 /■ -l7 7° 

/ / / / -2 

/ j j -8* 

i 2 3 


Figure 52: (c) The streamlines for c = 

3 


where 

r c g c Inr 

If /9 = 0, then 

= r c sin0 = 0, 

7T 

and if 6 = — < 27r, then 


y) = r c sin ^ = 0, 


which proves that these half lines are streamlines, and the first claim is proved. 


(a) If c = 4, then 6 G 


0, T 


4 J ’ 


so 


r 4 sin 4/9 = k > 0, 


which corresponds to a flow in an angular sector, in which the angle is 


IT 

4 
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(b) If c = 1, then 0 E [0,7r], and we get 
r • sin# = y = k > 0, 
corresponding to a parallel flow. 


(c) If c = -, then the requirement is that 0 E 

O 


0-T 


and the corresponding equation becomes 


r 3 sin ( - 9 ) = k > 0, 


which we interpret as the model of a flow around a rectangular corner. 
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Example 7.6 Let f(z) = u + iv = 2 :+ Log z be defined in the domain 
Ll = {z E C | Im(z) > 0}. 

Sketch the curves u(x,y) = constant and v(x,y) = constant in Q. 



Figure 53: The curves u(x,y) = constant in Ll of Example 7.6. 



Figure 54: The curves v(x,y) = constant in Q of Example 7.6. 


Since 


z + Log z = x -\ — In (x 2 + y 2 ) + i | y + Arccot ( — J 1 

2 l \y J) 

for y > 0, we get by separation of the real and the imaginary part that 


i{x,y) = x+ t In (a; 2 + y 2 ) 


and 


v(x,y ) = y + Arccot - . 

\y/ 
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If we put u(x,y) = c, then we get by solving with respect to y that 
y 2 = e 2c ~ 2x - x 2 = C e~ 2x - x 2 , y > 0, 
where we have put C = e 2c > 0. 

Analogously, from v(x,y) = k we get by solving with respect to x that 
x = y • cot(fc — y). 


Example 7.7 Let 

F(z) = cLog(z — a) + cLog(z + a), 

where a, c G M+ are given constants. We consider F in its domain ft as a complex potential Find 
the streamlines and the equipotential curves of F in Q. 

This example can be interpreted as the model of two sources of the same strength at the points z = a 
and z = —a. 


Obviously, we may choose c = 1 and a — 1 , so we only consider 

F(z) = Log (z - 1) + Log( 2 : + 1), z e C \ (] - 00 ,1]), 

where we must be aware of the branch cuts of the two principal logarithms. A separation into real 
and imaginary part gives 

u(x, y) = In \z — 1| + In \z + 1| = In \z 2 — l| , 

and 

v{x. y) — Arg(z — 1) + Arg(z + 1). 

The curves 

u(x, y) = In \z 2 — l| = fc, thus \z — l|-|^ + l|=c, 

are the so-called Cassini’s rings. These are the equipotential curves. 

MAPLE give some reasonable sketches, so they are here omitted. On 
sketch the streamlines by using MAPLE, and then we may use that 
orthogonal on this system of curves. 

It follows from 

v(0,y) = Arg(—1 + iy) + Arg(l + iy) = ±tt, 

that the positive and the negative y -axis each form a streamline. 

Since 

, v cot u • cot V — 1 

COt(iZ + v) = -, 

cos u + cot V 


I have not been able to let 
the other hand, it is easy to 
the equipotential curves are 
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and since for x ^ 0 and y > 0, 


v(x, y ) = Arccot ( ——- ] + Arccot f — — ^ ) = c G ]0, tt[ U ]tt, 2n[, 


it follows for y > 0 that 


x — 1 x + 1 x 2 — 1 

y y _ y 2 


X — 1 X + 1 

y y 

which we also write 


2x 

y 


x z -y z - 1 
2xy 


- cot c, 


x 2 — y 2 — 2xy cot c = 1. 

This expression is extended by the obvious symmetry to the lower half plane. Hence the curve system 
becomes a system of hyperbolic arcs with the y -axis as one of their asymptotes, and where they all 
pass through either (1,0) or (—1,0). We shall of course add the lines x = — 1 and x = 1 to this system. 
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8 Cauchy’s Integral Theorem 


Example 8.1 Integrate e z along a plane and closed curve C, which is composed of the interval C\ : 
[— 1,1] on the real axis and the half circle C 2 of the parametric description z(t) = e lt , t G [0, 7r\. 

Then find the value of f c ^ e z dz, and apply the result to prove that 


L 


7r 


gCOS t 


• sin(£ + sin t) dt = 2 sinh 1. 



Since C is a simple, closed curve in C and e z is analytic in all of C, it follows from Cauchy’s integral 
theorem that 

e z dz = I e z dz+ I e z dz = 0. 


>c 
Hence, 


/ e z dz-\- 1 

Jc 1 Jc 2 


[ e z dz = f 

Jc 2 J 0 


e cost+ismt ie it dt = i f e cost e i(t+sint) M 

Jo 

i f e cost • {cos(t + sint) + i sin(£ + sin t)} dt 

Jo 

r7T nTT 

— / e cost • sin(t + sin t) dt + i / e cost • cos(t + sint) dt 

Jo Jo 

- [ e z dz = — f e x dx=- [e x ]\ t = -2 sinh 1 

Jcx J —1 


+ i • 0. 


Finally, by a separation into real and imaginary parts, 
f e cost • sin(£ + suit) dt = 2 sinh 1, 

Jo 


and 


f e cost • cos(£ + sint) dt = 0. 

Jo 
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Example 8.2 Compute (2 + 3 z 2 + 4z 3 ) dz. 


It follows by inspection that 
F(z) = 2z + z 3 + z 4 


is a primitive of f(z) = 2 + 3z 2 + 4 z 3 , thus 


pl~hi 

J (2 H - 3z 2 + 4z 3 ) 


F(l + i)-F(l) 

2(1 + i) + (1 + i) 3 + (1 + i) 4 - 2 - 1 - 1 
2 + 2i + 2i(l+i) + (2i) 2 -4 
2 + 2i + 2i — 2 — 4 — 4 
-8 + 4 i. 
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9 Cauchy’s Integral Formula 


Example 9.1 Compute the values of the line integrals 


(a) 


z -b 2 


dz. 


i*i=i z ( 4 - z ) 


(b) 


1 


1*1 


=2 Z (Z ~ 1) 


dz , 


(c) 



2 3 + 3 z 2 - 4 
z 2 (z - 1) 


dz. 


The method here is that first we decompose and then deform each integral into the line integral along 
some circle. 


(a) It follows by a decomposition that 

z 2 z T 2 11 3 1 

z(4-z) z(z- 4) 2 z 2 z — 4' 

The function -- is analytic inside \z\ = 1, hence 



1 

z-4 


dz = 0 


by Cauchy’s integral theorem. 
Now, 



- dz = 2 tt i, 

z 


so 



z + 2 1 

——-r dZ = - 

z (4 - z) 2 



3 

2 



- dz = - • 27t i + 0 = 7r i. 

z - 4 2 


(b) A decomposition gives 


1 _ 1 1 

2(2-1) 2 + 2-l' 

When we “reverse” the path of integration (indicated by a *) and then deform it into some circle 
we get 



1 

2(2 -1) 


dz 


hence 



1 

2 ( 2 - 1 ) 


dz 


— - ) dz + 

1*1=2 V * 


|*|=2 z 1 


dz 


f dz f dz ^ 

+ 0 - (p -- = 2tti — 2tti = 0 , 

J\z\=l z J\z-l\=l Z ~ 1 


Id 


=2 z(z - 1) 


dz = 0. 
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(c) Since the numerator and the denominator have the same degree, and since z = 1 is a root of both 
the denominator and the numerator, we must be careful here, when we decompose. We get 

z 3 + 3z 2 - 4 _ (z 2 + 4z + 4) (z — 1) _ z 2 + 4z + 4 4 4 

z 2 (z-l) z 2 (z-l) z 2 + z + z 2 ' 

Here fi(z) = 1 is analytic inside |z| = 2, so 


1 dz = 0. 


M=2 


Furthermore, /^(z) = — is differentiable in Q \ {0} with the derivative 

/ 2 W = 

4 4 

so — has the primitive —, and we conclude that 


— dz = 0. 
' 1 * 1=2 Z 

Hence, 

r z 3 + 3z 2 - 4 

J\z\=2 Z 2 (Z - 1 ) 


dz = 


ldz + 4 


1 * 1=2 


- dz + 
|*|=2 * 


dz = 0 + 4 • 27T i + 0 = 87T 


— 9 Z* 


1 * 1=2 


Example 9.2 Assume that f : [0,+oo[^ C is continuous and that f(t ) = 0 for t > R. Prove that 
the function C{f}, given by 

r-\-oo 

£{/}(--) = / f{t)e~ zt dt 

do 

is analytic in all ofC. 

Assume that f : [0,+oo[^ C is continuous and that there exist constants A, B > 0, such that 
\f(t)\ < Ae Bt for every t E [0,+oc[. 

Prove that one can find a a E M, sncd that the function 

r +00 

£{/}(-) = / f(t)e~ zt dt 

do 

is analytic in the half plane Re{z) > a. 

We call the analytic function C{f}(z) the Laplace-transformed of f. The smallest real number <jq, 
for which C{f}{z) is analytic in the half plane Re(z) > cro, is called the abscissa of convergence. 

When / : [0,+oo[—>■ C is continuous, and f(t) = 0 for t > R, then the support of / is compact, so 
\f(t)\, which is also continuous, must have a maximum. In particular, / is bounded, 

\f(t)\ < M for every t > 0, 
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and we get for every fixed z G C that 


L 


+oo 


m 


e 


—zt 


dt 


< M [ 

J o 


e -(x+iy)t 


r R 

dt = M I e xt dt < +oo. 

Jo 


We conclude that £{f}(z) is defined for every z e C. 

Since the integrand f(t) e~ zt is continuous in t and since the derivative with respect to the parameter 
z is continuous and absolutely integrable, it follows that £{f}(z) is continuously differentiable, and 
its derivative is 


d C + °° ft p+oo 

^ £{/}(*) = y -Q~ z {fit) e ~ zt } dt = -J tf(t)e~ zi dt, 

which proves that £{f}(z) is analytic in all of C. 

Then we assume that 

\f(t)\ < Ae Bt for every t G [0,+oc[. 

If a B , then we get for Re( j 2 ) ^ cr that 


p+oo p+oo p+oo 

/ f(t) e~ zt dt< Ae m e~ tRe{x) dt < A e ^~ B)t dt < +oo 

Jo Jo Jo 

so the Laplace-transform exists for every z, for which Re(z) > a. 


When we differentiate the integrand with respect to the parameter z, then 

If Re(z) > cr > 6, then we have the estimate 


d_ 

dz 




< Ate 


Bt crt 


Ate-^~ B)t 


t > 0. 


It follows from the magnitudes that — {/(£) e zt } has an integrable majoring function, thus we 

conclude that £{f} is complex differentiable (and even continuously differentiable) for Re(z) > cr. 
This proves that £{f}(z) is analytic in the half plane R e(z) > cr. 


Example 9.3 Prove that 


eG(S )- 1 

n =0 k v 7 


defines an analytic function f : C —> C. 


If we put 


fn(z ) = exp 



- 1 , 
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then f n (z ) is analytic in all of C. 
If \z\ < i?, then 


\fn(z)\ < exp 



- 1 , 


so if we can prove that the series 


n=0 ^ ' 


is convergent for every R > 0, then it follows that 


+oo 

/0 ) = ^2fn(z) 

n =0 

is uniformly convergent on every compact subset of C, and the claim is proved. 
Then we have for every fixed R , 

R n 

—;-> 0 for n —> -foe. 

n! 
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Thus, we can find an TV, such that for every n > AT, 


fR n \ , R n 
exp — < 1 + 2—. 

n\ ) n\ 


Then 


0 < 


< 


eMsm-eW^:* 


n=0 

N—l 


n\ 

'R 


n =0 

and the claim is proved 


n =0 
+oo 


} + g{ 

J n — AT ^ 

^ f fR n \ 1 / 

Sr p U)- 1 } +2 .S^r s Sr p ( 


n\ 

N—l 


exp (i - 1 


TDn 

— ) — l \ +2e R < +oo, 


Remark 9.1 It follows that the derivative is given by 


+ °° ~n -I 

f(z) = E (^ryr “P ( 

n=l v 7 


In this case it is easy to prove the uniform convergence over compact subsets. In fact, if w < then 
we can find an TV, such that 


exp 


< M for 12:1 < R and n > TV, 


thus 


^n-l 


E 

n=N-\-1 


7-Tu ex P \ I 

(n — 1)! V n\ 


+oo 


R 


< M W —- < M e R < +oo. 0 

z ' n. 


n=iV+l 


Example 9.4 Assume that f is analytic in an open domain D. Define D* by 
n* = {z \ z e f2}, 
and a function /* on Q* by 

r( Z ) = m- 

Prove that /* is analytic in Q*. 

Obviously, /* is continuous and of class C°° (fi*). Write / = u + in, i.e. 

f{z) = u(x,y ) +iu(a:, 2 /). 

Then 

f*( Z ) = u* (x, y) +iv* (x, y ) = f(z) 

= f(x - iy ) = ii(+ -y) - i v(x, -y). 
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If (x,y) G f}*, then (x, —y) G £4, and we obtain by partial differentiation, 
chi* , v chi, x 

<9?;* 9 Qi; 

fjii* fj fjii 

<9?;* 9 dv 

-(,,,) = - Yx H X ,-y) = -^-y), 

hence 

chi*, x chi, x dv , x ch;* / x 

~dx = ^<*.- 9 ) = ^<*.- 9 ) = ^(*.9). 

chi* , x chi , . dv , x ch;* / N 

^(*.9) = -^<*’-S'> = 8i<*’-S'> =-fa <*’»>' 

proving that /* satisfies Cauchy-Riemann’s equations everywhere in £4*, hence /* is analytic in £4*. 


Example 9.5 Find by an application of Cauchy’s integral formula 

(a) — <f dz, ( b ) — (f ^ ( c ) 

V ; 27 Ti J\ z _ 2 \ =1 Z- 2 ’ W 27T7 jfj z|=1 2 ’ W 


smz 


dz. 


bl-4 


(a) If we put /(z) = e z , then /(z) is analytic in C. Since zo = 2 lies inside the circle |z — 2| = 1 , it 
follows from Cauchy’s integral formula that 


2iri I\ z - 2 \m% z-2 


dz = /(2) = e 2 . 


(b) If we put /(z) = z 2 + 4, then /(z) is analytic in C. Since zo = 0 lies inside the circle |z| = 1, it 
follows from Cauchy’s integral formula that 


1 

27 xi 


z 2 + 4 


i*i=i 


dz = /(0) = 4. 


(c) If we put /(z) = sinz, then /(z) is analytic in C. Since zo = 0 lies inside |z| = 4, it follows from 
Cauchy’s integral formula that 


smz 

2 tT 7 ./^|=4 Z 


dz = /(0) = sinO = 0. 
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Example 9.6 Find by applying Cauchy’s integral formula 
( _ + _2 

'1*1=4 


(o) £m + + Zs) dz ' {b) £,.+t dz - 


(a) If we put f(z ) = 1 and g(z) = 2, then 

1 

J\z\=A V 2 + 1 Z - 3 


dz = 


dz + (j) dz = 2ir i{f (—1) + ff(3)} = i. 


1*1=4 Z — ( —1) ' J\z\=aZ-3 


We have used that the curve \z\ = 4 is simple and closed and that the points —1 and 3 lie inside 
this curve. 

(b) We get by a decomposition, 

1 1 

1 _ 2 2 


2 2 — 1 2 — 1 2+1’ 

Since 1 and —1 he inside the simple, closed curve \z\ = 2, it follows as above that 

I 1,1 / 1 , 1 / 1 , 1 . 1 . ^ 

0 —- dz = - (b - 02 - 0 - dz = - - Ztt i - - 2tti = 0. 

+• 2^-1 2 J \ z \=2 z — 1 2 J \ z \=2 z + 1 2 2 


Example 9.7 Prove by means of Cauchy’s integral formula that for every k G M, 

a kz 


-d2 = 27ri. 


/ 

+d=i 

Apply this result together with the parametric description z = e l °, 0 G [—7r,7r[, to prove that for every 
k G M, 

[ e k cose cos(k sin (9) dO = n. 

Jo 

If we put f(z) = e kz , then f(z) is analytic in C, hence by Cauchy’s integral formula, 

(f -—dz = 2 tt i f(0) = 2 tt i. 

J\z\=l z 

Then put 2 = e l ° to get 


p kz riv p k cos 9+i k sin 9 

2ni = $ —dz = J *•- ie ■ 


= 1 2 


W=1 


oiO 


ie™ dO = i / e k cos 6 {cos (k • sin#) + i sin(fc sin#)} dO 


/ TV nTV 

e k cos6 cos(k sin#) dO = 2i / e k cos6 cos(k sin6) dO, 

-TV JO 

because e k cos0 sin(fc sin#) is odd and e k cos0 cos(fc sin#) is even in 6. Finally, we get 

[ e kcosG cos (k sin#) dO = tt. 

Jo 
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Example 9.8 Assume that f(z ) is analytic in C, and that there exist constants M, R E M+ and 
m £ No, such that 


\f(z)\<M-\z\ m for \z\ > R. 


Prove that f(z ) is a polynomial of at most degree m. 

Hint: Apply Cauchy’s inequality with n = m + 1 to prove that 


/ (m+1) (*o) 


M(m + 1)! (r + \z 0 \) m 

y>m-\- 1 


for zq E C and r sufficiently large. 


Then conclude that /( m + 1 ) (^ 0 ) 


0 for every zq E C. 


It follows from Cauchy’s inequality for n = m + 1 that 
M'(m + 1)! 


/ (m+1) (*o) 


< 


r n+l 


where M' is the maximum of |/(z)| on the circle \z — zq\ = r, and where r > R. 
It follows from the assumption that M f can be estimated by 
M' < M - |^| m < M (r + \zo\) m , 
hence by insertion, 

/<"+'>(*,) < M-(- + 1 ) l(r + Nr = l- M - /i+M - 

y*lTl ~p _L ry* ' \ ry* 
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This inequality holds for every r > ro and for every fixed zq. We therefore conclude that 
/ (m+1) (zo) = 0, 

and thus f(z ) is a polynomial of at most degree m. 

Example 9.9 Let f(t ) be continuous on M. Prove that 

rl m 


j 


1 — zt 


dt 


is a function of z, which at least is analytic for \z\ < 1. 

Assume that \z\ < R < 1 and t G [0,1]. Then we have the uniformly convergent series expansion 

+oo 


1 — zt 




n —0 

thus by insertion, 

rl fit) 




dt z n . 


Here we get the estimate 


[ t n f{t)dt < M f t n dt = 
Jo Jo 


M 

n + 1 ’ 


and we conclude that the radius of convergence of the series is > 1, hence the function 

rl nt) 


t - 

Jo 1 


— zt 


dt 


is analytic in the domain given by \z\ < 1 , and possibly in a larger domain, depending on the structure 
of fit). One should e.g. check for a possible extension, if /(1) = 0, and /'(1) exists. 


Example 9.10 Assume that f{z) is analytic for \z\ < 1. Prove that 
n J J \z\<l 

Hint: Express the integral in polar coordinates and apply Cauchy’s integral formula. 


f f f(x + iy)dxdy = /(0). 
: J J Ul<i 


If we put 


x = r • cos 6 and y = r • sin #, 
then 


^// f{x + iy)dxdy = t ^ {/ * ( r e ^) rdr } d9 = ~ J Q r [J Q f(re ie )d9^dr 

= ~ [ r-2nf(0)dr = f(0)[ 2rdr = f(0), 

71 Jo Jo 
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because if follows for every r E ]0,1] by Cauchy’s integral formula that 



dO = 27r /(0). 



qaiteye 

Challenge the way we run 


EXPERIENCE THE POWER OF 
FULL ENGAGEMENT... 


RUN FASTER. 

RUN LONGER.. 
RUN EASIER... 
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10 Simple applications in Hydrodynamics 


Example 10.1 A two-dimensional stationary from of a non-compressible ideal fluid is characterized 
by the complex potential 

(5) F(z) = =^ti. 

(a) Using polar coordinates (r,0), where z = r e l °, find an equation of the equipotential curves and 
an equation of the streamlines. 


(b) Then find the complex field of velocity F'(z), the x and y parts of the real field of velocity V, and 
the speed |V| of the field corresponding to (5), where everything should be expressed as functions 
in (r, 0). 


The function F\/Q = — —, where £ = £ + irj and A > 0 is a constant, models a field of a dipole 

where the dipole is lying in (a 0 of strength A and of orientation in the positive £- direction. 
Find a transformation of the form z = £ e LOL (where a is a real constant), such that F(z) = Fi((). 
Apply this result to show that the field corresponding to (5) is a field of a dipole. Find the position 
and strength of the dipole, and show its orientation on a sketch. 


(a) Since 

= ^exp((^^»))=-^e x p(-i(J + e)), 

we find 

ip{r, 6) = cos and 0) = sin — O^j , 

so the equation of the equipotential curves becomes 

(6) r = ^ cos for k f 0, 

371 , 7T n _ 71 ^ 57T c , r. 

and- 6 = —h ptt, thus 6 = — or 0 = —— tor k = 0. 

4 2 4 4 


In (6) the parameter either runs through 


depending on whether k > 0 or k < 0, because we shall have r > 0 


0 G 


37T 7T 
~T 5 4 


or 


0 E 


7T 57T 

4 5 T 


Analogously we get for the streamlines in polar coordinates, 


V2 


£-* 


for k f 0, 
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and 

0 = — and Q = —r for k = 0. 

4 4 


In this connection it is not convenient to apply the polar coordinates, because we in rectangular 
coordinates obtain 


x — 1 + i , \ ( x 

F{Z) = — = ( - 1 +* ) 

and we get the following equation of the 

/ \ —x + y 7 ^ 

¥>0, J/) = 2 , 2 = k e R > 

x 2 + ?r 

and the equation of the streamlines , 

, / N x + y 7 7 ^ 

V’foy) ~ 2 , 2 = k ’ keR. 

x z -f y z 


y 


1 


x 2 +y 2 ) x 2 + t/ 2 
equipotential curves , 


{-a; + y + i(aj + y)}, 
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Figure 57: The equipotential curves are full-drawn lines, while the streamlines are dotted. Further¬ 
more, the orientation is indicated on the straight streamline, and the the orientation in general follows 
by continuity. 

If k = 0, then we get the equipotential curves 
y = x, for (x,y) ± ( 0 , 0 ), 
i.e. two half lines, and the streamlines 
y =-x, for (x, y) ^ ( 0 , 0 ), 
i.e. again two half lines. 

If k 7 ^ 0, then we get for the equipotential curves that 


0 



i.e. a circle with one point removed, 




of centrum 


of centrum (-- , —- ] and radius — . 

V 2k) y/-2k 

For the streamlines we get the corresponding circle with one point removed, 


1 1 

2fc ’ 2k 


and radius 




of centrum 


1 1 

2k ’ 2k 


and radius 


V2k 


1 


(b) Then by a differentiation, 
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and thus 


F\z) = 


1 + i 


V2 


exp(i(J + 20)). 


(i+ 2 ")). r>0 ' 


We therefore conclude that 

v = (7? cos (7 + ^) > 7? sin( - 

and then the orientation of the streamlines (the dotted lines) is fixed. Finally, 
|V| ~ In^)| = r> 0. 


(c) It follows from 

F ( Z ) = -^exp (-*(7 + ^)) 

■v/2 


V2 




r exp 


z exp 


/ 7T\ /* 

V 4/ 


that the strength is A = \/2. Furthermore, since ( = z exp ^, the inverse is given by 

2 = C exp (—i 0 , 
which is the wanted transformation. 

Since the orientation corresponds to the positive £-axis, it follows that the orientation of the given 
dipole is 0 = — —. 
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